Chapter 10

Normed Vector Spaces

The main objective of this chapter is to show that linear transformations
of finite-dimensional normed vector spaces over K are continuous.

Norms were introduced in chapter 8; we provided a family of examples, the p-norms on K".
Letp > 1and let A € M, ,(K), the set of matrices of size m x n with entries in K. The
induced p-norm on M,,, ,,(K) is given by

[A]lp = sup {[|Ax[[,}.

[Ixl[p<1

It is easy to show that:

n m

|A]|l 0 = Jax { Z ;| }, AL = 1?%); { Z ;| }, ||A|l2 = largest singular value of A.
j=1 i=1

Anormed vector space (F, ||- || g) is a vector space (F, +, -, 0z) over K endowed with a norm

| - || z; with matrix addition and multiplication by a scalar, the set M, ,,(K) is such a space for

any of the induced p-norms. A normed vector space’s operations behave as well as they could

be hoped to, under the circumstances.

Proposition 139
Let E be a normed vector space over K. Themaps+ : ExXE — Fand-: Kx FE — FE
are continuous.

Proof: left as an exercise. [ |

In what follows, let (E, ||-||z) and (F} ||-|| ) be normed vector spacesover K. Amap 7' : £ — F
is linear if

T(0g)=0pr and T(ax+0by)=aT(x)+0T(y), Va,beKxye€E.
The set of all linear maps from F to F'is denoted by L(F, F'). For instance, if £ = K" and
F = K™, then L(E, F) ~ M,, ,(K).
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Theorem 140

Let (E,||-||g) and (F, | -||r) be two normed vector spaces over K andlet f € L(E, F).
The following conditions are equivalent:

1. fiscontinuouson E
2. fiscontinuousatOg € £

3. f is bounded over B(0p,1)

4. fis bounded over S(0g, 1)

5. 3dM > Osuch that || f(x)||r < M|X||g forallx € E
6. f is Lipschitz continuous
7.

f is uniformly continuous

Proof:
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If f € L(E, F) is also continuous (that is, if f € L.(E, F')), it then makes sense to define the
operator norm

Ifll= sup {[lfX)[[r} = sup {[[fx)]Fr}-

[xllz=1 [xllz<1

With this definition, (L.(E, F'), || - ||) is a normed vector space. Furthermore, let (G, || - ||¢) be
anormed vector space over Kandlet f € L.(E, F)and g € L.(F,G). Thengo f € L.(E,G)
and we have, forallx € FE,

I(go IX)le = llg(f&)lle < llglllf &)z < lgllll ] z-

In particular, ||g o f|| < |lg]//|f||- The composition thus defines a kind of multiplication on
L.(E, E); together with this multiplication, L.(F, F) is a normed algebra.

Theorem 141
If F' is a Banach space over K, then sois L.(E, F).

Proof:
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We have seen that the metrics d, are equivalent in K", for p > 1. Can the same be said about
the norms? In fact, we can say even more: not only are the p-norms equivalent, but all norms
on K" are equivalent.

Proposition 142
Let F be a finite dimensional vector space over K. All norms on E are equivalent.

Proof:

In general, this result is not valid if £ is infinite-dimensional.
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Corollary 143
Let E be a finite-dimensional vector space over K and let (F\ || - ||r) be any normed
vector space over K. If f : E — F'is a linear mapping, then f is continuous.

Proof: Let{e;,...,e,} beabasisof E. For any x € E, we have

If &) e = L Qe = 1222 (el
< 2 lzilllf(e)llr < No(x) - 211 f (€| r := aNo(x).

Ifa = 0, then f(e;) = Op for all i and hence f = 0 is continuous. Otherwise, for any
€ > 0,36 = £ such that

170 = FW)lr = [If(x = y)llr < aNo(x —y) <ad =

whenever Ny(x —y) < ¢, and so f is continuous. |

This leads to a series of useful results.

Corollary 144
Any finite-dimensional vector space over K is a Banach space.

Proof: let E be finite-dimensional and let N be any norm on E. With the
notation of Proposition 142, the map

v (B, No) = (K" [ o)

isanisometry and (K", || - ||) is @ Banach space, hence (F, Ny) is complete. Since N
is equivalent to Ny, completeness transfers from N, to N, so that (E, V) is a Banach
space. |
Corollary 145

Any finite-dimensional subspace of a normed vector space over K is closed.

Corollary 146
The compact subsets of a finite-dimensional normed vector space are the subsets that
are both closed and bounded under the norm.

10.1 Solved Problems

1. Let E be a normed vector space over R and A, B C E. Denote
A+B={a+b|(a,b) € Ax B}.

a) If A Cp E,showthat A+ B Cp E.
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10.1. SOLVED PROBLEMS

b) If A Cx EFand B C¢ E, show that A + B C FE. Is the result still true if A is only
assumed to be closed in E?

b)

2. Let E'be a normed vector space over R and ¢ : £ — R be a linear functional on F.

a) Show directly that ¢ is continuous on E if and only if ker p C¢ E.
b) i. Let F be a subspace of E. Show that the map N : E//F — R defined by

N() = inf {Iv]}

is a semi-norm on the quotient space '/ F. What can you say if ' Co E?
ii. Show part a) again, this time using part b)i.
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il.

3. Ifx = (x1,...,2,) € R", define ||X|| = sup{|zi],...,|z,|}. Show that x — ||X| -
defines a norm on R".

a)
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EXERCISES

b)

d)

|
4. Let x,y € R"™ and define the inner product (x | y) = z1y1 + -+ + Z,y,. As seen in
the notes, this inner product defines a norm ||x|| = y/(x | X). Show the Parallelogram
Identity: [|x +y[|* + [[x — y[|* = 2(|[x||* + [ly||*), vx,y € R".
|
5. Letx,y € R™ Isittrue that | X+ ¥|/cc = [|X|| + [[¥]|c if and only if x = cy ory = cx for
some ¢ > 0?7
|
Exercises
1. Prepare a 2-page summary of this chapter, with important definitions and results.
2. Show that || Al|~, ||A||1, and || A|| define norms over M, ,,(K).
3. Show that the induced p—norm is a norm on M,,, ,,(K) for all p > 1.
4, Show that all isometries are continuous.
5. Prove Proposition 139 and Corollaries 145 and 146.
6. Let F' be a normed vector space with a countably infinite basis. Show that £’ cannot be
complete.
7. Let E be an infinite-dimensional normed vector space over R. Show that D(0, 1) is not
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compact in F by showing that it is not pre-compact in £ (by what name is this result
usually known?).

Analysis and Topology Course Notes



	Real Analysis and Metric Spaces
	Normed Vector Spaces
	Solved Problems
	Exercises



