Chapter 21

Borel-Lebesgue Integration

In this chapter, we present an extension of the theory of integration that
overcomes some of the issues associated with Riemann integration, and
show how to integrate multi-variate functions in this new framework.

One of the problems associated with Riemann integration (see Chapters 4 and 5) is that some
functions that should be integrable in any reasonable theory of integration fail to be so, for a
variety of reasons.

Examples

1. Consider the Dirichlet function xg : R — R defined by

0 R
XQ@:{l e

We have seen in Chapter 4 that this function is not Riemann-integrable over
any interval [a, b], but ...it should be, right? R\Qis so much “bigger” than Q that
the first branch should dominate and give us an integral of 0. Unfortunately, it
doesn't.

2. Consider the function f : [0, 1] — R defined by

_ - x¢€(0,1]
f(x)—{if x=0.

It is not Riemann-integrable on [0, 1], as it is not bounded on [0, 1], but it is
Riemann-integrable on [a, 1] for all 1 > a > 0 since it is continuous on [a, 1]
foralll > a > 0.
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Furthermore .
/ fde = [2v7]) = 2(1 - Va).

Asa — 01, we see that

/1fdx—>2(1—\/6)—2,

a

and we would at the very least consider an extension of Riemann integration
for which [ fdv = 2.

3. The function g : [0, 00) — R defined by g(z) = e~* is not Riemann-integrable
on [0, oo) since the domain of integration cannot even be partitioned. But it is
clearly Riemann-integrable on [0, ], » > 0, since it is continuous on [0, n}; in
fact,

/ e fdr=[-e"lf=1—¢e".
0

Since

n

lim efdr=1lim(l—e")=1-0=1;

n—o0 0 n—o0

any extension of Riemann integration should at least give us fooo gdr=1. [J

In this chapter, we will introduce an extension of the Riemann integral in which all of these
examples will work out as we think they should. The Lebesgue-Borel approach to integra-
tion views the problem from a different angle:' fundamentally, instead of building vertical
boxes under the graph of f, we stack horizontal boxes under it. This conceptual shift has
far-ranging consequences.*

We will also extend our definition of the integral to multivariate domains (which is to say,
the functions we consider will be functions from R" to R). To help illustrate the concepts, we
will often work with functions f : A C R? — R_, where f is bounded (as a function), as is
A (as a set). By analogy to the 1-dimensional case, we will want to define

f=/Af<x,y>dxdy

I = Vol({(x,y,t) | (z,y) €A, 0<t < f(x,y)}).

so that

"There are other approaches: improper Riemann integration and generalized Riemann integration,
say, but we will not be touching on those.

*It does not resolve all difficulties, however: there are differentiable functions F' : [a,b] — R for which F”
is not Lebesgue integrable, and some important improper integrals do not exist, for instance.
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CHAPTER 21. BOREL-LEBESGUE INTEGRATION

21.1 Borel Sets and Borel Functions

Generally speaking, the Borel subsets of R" are the elements of the o —algebra of subsets for
which we know how to compute the length, and/or the surface area, and/or the volume,
and so on.?

Formally, a c—algebra G of R” is a non-empty collection of subsets of R” such that
L AL Ay A €6 = U5 Ar € 6,and
2. A6 = A°=R"\A€6.
Consequently (see exercises),
1. A, Ay, . A,,...€E6 — ﬂn21An € G;
2. A Be6S — ANB°e S, and
3. g,R" € &.
Examples

1. The power set p(R") is the largest o —algebra of R", since the union of any
collection of subsets of R" is itself a subset of R", and since the complement
of any subset of R" is also a subset of R".

2. The standard topology 7 = {U C R" | U Cp R"} is not a o —algebra of R™
since the complement of the open ball of radius 1 centered at the origin, say, is
not open in R” (see Part IV).

3. 6¢(R™) = {R", @} is the smallest o —algebra of R™. O

Note that & is a subset of p(R").

Proposition 286
If (&;)i>1 Is a collection of c—algebras of R" then & = (., &, is a o —algebra of R".

Proof: suppose A;,...,A,,... € &. Then Ay,... A,,... € G, foralli > 1.
But G, is a o—algebra for all i, so that Un21 A, € 6;foralli > 1. Then

Unzl A € ﬂizl S, =6.

Now suppose A € &. Then A € G; for all7 > 1. But G, is a o—algebra, so that
A € @;foralli > 1, hence A° € ), 6, = &. [ |

3We only present a restricted version of the Borel-Lebesgue theory of integration; the full version is built on
measurable subsets of R”, where the measure generalizes the notions of length, surface area, volume, etc. to
“not-as-nice” geometric subsets of R™ (a feature of the theory is that not every subset of R™ is measurable).
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21.1. BOREL SETS AND BOREL FUNCTIONS

The standard topology is not a c—algebra of R, but since 7 € p(R"), there is at least one
o-algebra containing the open sets of R”. The Borel oc—algebra of R" is the intersection of
all 0 —algebras containing the open sets of R"; we denote it by

B=BR") = ()6
TCECp(R™)

An element of B is called a Borel set of R”. Just about every subset of R” that we encounter
in practice is a Borel set:

= every open subset of R" is a Borel set of R";

= every closed subset of R" is a Borel set of R";

= any set built via unions, intersections, and complements with open sets and/or closed
sets is a Borel set of R".

Theorem 287
Let B = B(R?). There exists a unique function Area : B — [0, oc| such that:

1. Area(A) >0, VA € B;

2. ifAq,..., A,,... € Bare pairwise disjoint then

Area (U An> = ZArea(An);

n>1 n>1

3. Area((a, '] x [b,V]) = (@’ — a)(t/ — b).

The area function whose existence is guaranteed by Theorem 287 corresponds to our intu-
ition of area in R?, but such a function cannot be defined on the entirety of p(R?) (see the
existence of non-measurable sets and the Banach-Tarski “paradox”).*

Theorem 288
Let A, B € B(R?) such that A C B. Then Area(A) < Area(B).

Proof: since A C B, we have
B=(ANnB)U(A°NB)=AU(B\A),
where B\ A € B(R?). Hence,

Area(B) = Area(A) + Area(B \ A) > Area(A),

which completes the proof. [ |

*Proving the existence of the function and of a set whose area cannot be measured is rather difficult and is
properly tackled in advanced measure theory courses.
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CHAPTER 21. BOREL-LEBESGUE INTEGRATION

We can extend Theorem 287.2 to not necessarily pairwise disjoint Borel sets.

Theorem 289
Let Ay, Ay, ..., Ay, ... € B(R?). Then Area({J,», An) < 3,5, Area(A,).

Proof: construct the sequence A/, € B(R?) as follows:
1. A] = Ay;
2. A, = Ay N A
3. Ay = AN (A U Ay)S, etc.

The process is illustrated below on A, A5, As.

A1 = All

Ay

As Ay
Then A},..., A/, ... € B(R?) are pairwise disjoint and

AjUAU---UA, =AlUAU---UA,
foralln > 1. Since A, C A, forall n > 1, we have

Area <U An> = Area (U A;) = ZArea(A;) < ZArea(An),

n>1 n>1 n>1 n>1

which completes the proof. |

We say that B C R? has a (2D) measure 0 if for all € > 0, there is a cover
{R1,Ra,...,Ry,...}

of B by rectangles R,, = [a,,a,] X [b,,b),] with a,, < a/, and b,, < ¥/, for all n > 1, such that

ZArea(Rn) <e.

n>1

P. Boily (uOttawa) 497



498

21.1. BOREL SETS AND BOREL FUNCTIONS

Examples

1. Show that B = R x {b} has a 2D measure 0 for any choice of b € R.

Proof: let ¢ > 0 and set

g g
n — |1, b— ’b i| .
By = [=n,n] X [ onant2 Ut one

Then Area(R,) = 2n - .55 = 557 foralln € N,and B C {5, Ry, so that

1
0 < Area(B) < ) Area(R,)=c) -5 <c

n>1 n>1
As ¢ > 0 is arbitrary, Area(B) = 0. [
2. S'={(z,y) | * + y* = 1} has 2D measure 0.
3. Show that Area((a,a’) x (b,b")) = Area([a, a’] x [b,V']).

Proof: write
[a,d’|x[b,b] = (a,a’)x (b, )H{a}x[b,b]U{a’} x[b,b]U[a, a’'| x {b}U[a, a’]| x{b'}.

Each of the components [, %] x {x} is a subset of R x {x}, so that it has 2D
area 0 (and similarly for the components {x} x [, %]). Thus

Area([a,a'|x[b,V']) < Area((a,a’) x (b,b"))+0+0+0+0 = Area((a,a’) x (b,1")).

But Area((a,a’) x (b,b")) < Area([a, da’] x [b,V']) since (a,a’) x (b,V') C [a, d’] X
[b,b'], so Area((a,a’) x (b,b")) = Area([a,a’] x [b,V']). [

4. Show that every finite subset B C R? has 2D measure 0.

Proof: let B = {(x1,41),..., (s, ys)} and lete > 0. Pick:

= aclosed rectangle R, with Area(R;) = § and (z1,41) € Ry;
= aclosed rectangle R, with Area(RR;) = 5 and (72, 12) € Ry;

= a closed rectangle R, with Area(R,) = 5 and (z,,,y,) € Ry;

= for m > n, any closed rectangle with Area(R,,) = 557 will do.

Then B C {J,,~, It and

"L e - €
Z Area(R,,) < om T Z 1 < 6
m>1 m=1 m=n+1
which completes the proof. [
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CHAPTER 21. BOREL-LEBESGUE INTEGRATION

5. Every countable subset of R? has 2D measure 0.

6. Let p : [0, 1] — R? be continuous and such that there exists M > 0 with
lo(s) = p(B)lloe < Mls 1] ¥s,t € [0,1].
Then ([0, 1]) has 2D measure 0.
Proof: recall that ||(z1, 23)||cc = max{|z1|,|z2|}. Forall N > 1, let
O=ty<ti <---<ty=1,
witht; = . Lets;, s; € [t;_1,t;]. By hypothesis,

M

< .
- N

1—1 1

N N

lo(si) = o(si)lloc < Mlsi — 55| < Mltiq —ti| <M

Thus, there exists a square I; C R? whose sides have length % such that
©([ti—1,t;]) C I;. By construction, forall 1 < i < N we have

4> Y 4>
Area(l;) = and ZArea(Ii) = :
i=1

N2 N

Lete > 0 and select N > %. Going through the above procedure yields a
sequence of rectangles R; = [; for 1 < i < N;forn > N, set R, = {x} C R?,
a singleton square of area 0. Then

©([0,1]) C URZ- — ZArea(Rl-) = 4]]\\[42 <e,

i>1

which completes the proof. [ |

In the rest of this section, we introduce the class of functions f : R> — R for which we may
expect that

/ f(z,y)dedy e R
RQ

exists.> As we see below, we cannot untangle the function rule from its domain. If A € B(R?),
let the characteristic function y 4 : R? — R be defined by

_JO if(z,y) €A
XA(x’y)_{l if (x,y) € A.

*The set R = R U {oo} is the one-point compactification of R (see Section 17.4).
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21.1. BOREL SETS AND BOREL FUNCTIONS

Characteristic functions are the building blocks of Borel-Lebesgue integrable functions.
Their integral is easy to obtain. Let & € [0,00); if f : R*> — R is defined by f(z,y) = k -
xA(x,y), then the Borel-Lebesgue integral of f over R? is

// fdrdy =k - Area(A) € R,
R2

with the convention that 0-oco = 0. A function f : R? — Ris simple ifthereexist A;,..., A, €
B(R?) and a4, ..., a, € R such that
R*=A UAyU---UA, and f

in that case, f = Y"1 | a;xa,-

A; = Q4

Examples (SIMPLE FUNCTIONS)
1. If f(z,y) = k forall (z,y) € R? then f is a simple function.
2. If f =577 a;xa, then|f| =37 |ai|xa, is a simple function.
3.Iff=>"" [ aixa,and g = 27;1 b;x B, are simple functions, then
a) R? = ||, LJjL, (Ai N By);
b) f+g=>7",> " (ai +bj)xans, is a simple function, and
) fg=>_1_1 > )1 aibj Xa,ns, is a simple function. O

A Borel function is a function f : R? — R for which
E} ={(z,y) | flx,y) < d} € BR?), VdeR.

We illustrate the concept below, for a function over R.

y=fk)

In practice, most functions f : R> — R we encounter are Borel functions.®

®Itis in fact rather difficult to construct a non-Borel function, although they do exist.
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CHAPTER 21. BOREL-LEBESGUE INTEGRATION

Proposition 291
Let f, g : R? — R be Borel functions. Then |f|, f + g, and fg are also Borel functions.

Proof: we prove the result only for | f|; the proof for the other two functions is left
as an exercise. Write z = (z,y) € R?. Then we want to show that

EV'={zeR?||f(2) <d} € BR?), VdeR.

1. Ifd < 0,then E' = & € B(R?).
2. If d > 0, then

Efl={z]| —d< f(z) <d} = {z| =d < f(z)} N {z | f(z) < d}
={z|=d < f()} N E] ={z| f(z) < —d}*N E]

= (U E{d_1> NE].

n>1

But f is a Borel function, so Ej; and Efd_; belong to B(R?) for all n > 1. This

implies that
U Eid_l S B(R2)>

n>1

as B(R?) is a c—algebra, and so

(VAR

n>1

for the same reason; hence Etljf‘ € B(R?). |

We can approximate positive-valued Borel functions with simple functions.

Theorem 290
Let f : R* — [0,00] be a Borel function. Then there is a sequence (f,) of simple
functions such that:

1. forall z € R? f,(z) — f(z), and
2.0< f, < f, foralln > 1.
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21.1. BOREL SETS AND BOREL FUNCTIONS

Proof: we provide a proof for f : R — [0, cc]; the proof for functions on R* is
identical, but the simpler case is easier to illustrate.

We build the sequence ( f,,) as follows.

1. For fi, write
R = {x

and set

1
leO'XA}+§XA%+1'XA17 ALA%,AIEB(R)

y=f)

and set

n. For f,, write A" = {z | f(x) > n} and

1—1
2n

gf(x)<21n}, for1 <i<n-2"

- n-2" _ n2"™ j—1
We then have R = <|_|Z.:1 A?) LA™ Set fr, = D005 SeXar + 1 Xan.
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CHAPTER 21. BOREL-LEBESGUE INTEGRATION
By construction, each f,, is simple and
0< fi(z) < folz) <+ < fule) <--- < fa) Vo eR

1. If f(xz) = oo, thenx € A" forall n > 1, whence f,,(z) =n — oo = f(x).

2. If f(x) < oo, then for n > f(z) there exists 1 < i < n - 2" such that

1—1 i
< —.
<)<
In that case x € A} and
1 —1 1
) fu) = |10 = 5| < 35 0
which completes the proof. [

21.2 Integral of Simple Functions

Let f = 31 | a;xa, be a simple function R? — [0, o0], that is, a; € [0, 00] for 1 < i < k and
R? = A; U --- U A. Since simple functions are finite linear combinations of characteristic
functions, we define the integral of a simple function as

//Wf(x,y)dxdy:i%.Area<Ai) € [0, o]

(in the Borel-Lebesgue theory of integration, we have 0- (+-00) = 0, by convention). But there
might be multiple ways to write a simple function as a sum of characteristic functions: if

k m
f=> aixa = Bixs,
i=1 j=1

is the integral the same in both cases? Foreach 1 < i < k,let J; = {j | 5; = a;}. Then

i B, - Area(B;) = Z Z B, - Area(B;) = Z o ZArea(Bj)

i=1 jeJ; i=1  jeJ;
k k
= Z «; - Area <|_| Bj> = ZO"' - Area(4;).
i=1 jed; i=1

In what follows, we denote the set of simple functions on R” by (™) and the set of positive
simple functions on R" by Ci").
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21.2. INTEGRAL OF SIMPLE FUNCTIONS
Lemma 291
Let f,g € Cf), a > 0. Then:
1. ffR2 afdrdy = O‘ffR? fdxdy;
2. [[oo(f 4+ g)dady = [[p fdrdy+ [[g. gdxdy, and
3. if f < gonR? then [[o, fdrdy < [[5. gdady.

Proof: note that the results hold over general multi-dimensional spaces, but we re-
strict the demonstration to R2.

1. The first statement is clear; its proof is left as an exercise.

2.If f = Y77  auxa, and g = Z;nzl Bixs, then f +g = >, Z;-nzl(ozi +

//RQ(JC+9) dr dy = ZZ(ai+ﬁj) - Area(A; N B;)

i=1 j=1

— zn: i ;- Area(A; N B;) + z”: zm: B; - Area(4; N B;)

i=1 j=1 i=1 j=1

= i a; Zm:Area(Ai N B;) + Zm: B; iArea(Ai N B;)
i=1  j=1 J=1 i=1

:zn:ai-Area (Am (QB])) +§:ﬁj-Area (Bjm <|;|1A>)

i=1 Jj=1

= Z&i - Area(A;) + Zﬁj -Area(B;) = / fdxdy+ // gdx dy.
i=1 =1 R? R?

3. If f < gonR?theng— f € Cf) and

//ergdxdy://RQ[f?L(g—f)]dmdy
:/szdxdy—i-\//]w(g—f)dxdylz/RQfdxd%

'

>0

sinceg — f > 0. |

The first two properties of Lemma 291 indicate that the integral of a simple function behaves
as a linear operator on the set of positive simple functions on R".
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CHAPTER 21. BOREL-LEBESGUE INTEGRATION
Furthermore, if f = x4 with A € B(R?), then [[ fdxdy = Area(A).” As mentioned in the

proof of Lemma 291, we can generalize the notion of the integral of positive simple functions
directly to higher dimensions. If f : R? — [0, oo] is in Cf’), then

J[] tevazaya= [[[ S (005, )dxdydz—z% Vol(4y),
R3 R3

k=1

/ /fxl,..., xp)dzy - - - dxy,

if £ : R — [0, 00] is in ¢\

and so on with n > 3:

21.3 Integral of Positive Borel Functions

Of course, the overwhelming majority of functions on R" are not positive simple functions, but
large classes of non-negative functions can be approximated by simple functions (as we have
seen in Theorem 290). If f is a positive Borel function from R to [0, oo}, its Borel-Lebesgue

integral is
//f(:c,y)da:dy: sup {//sda:dy sgf};
sECf)

this definition can be extended to higher-dimensional domains in the obvious way. We illus-
trate how it applies in practice with a deceptively complicated example.

Example: using the definition, find [[ f dz dy, where

0 otherwise.

flz,y) = {x+y if (z,y) € [0,1]

Solution: the function is shown below.

“When the context is clear, we may omit the domain of integration.
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21.3. INTEGRAL OF POSITIVE BOREL FUNCTIONS

We start by building the sequence of positive simple functions
s1< <5, << f
from Theorem 290.

Forn = 1, we have:

= Al={(2,9) |0 < fla,y) < 1} = (@) [0S o +y < 3 n10, 1) U R\ [0, 1)),
s Ay ={(ey) | 1< fay) <1} ={(x,y) | § <w+y <1} [0,1%and

s A= {(2,y) | fx.y) > 1} = {(x,9) | 2 +y > 1} N[0, 1] (see below).

P S EHUSROUIN. N SURORNS HUSUURUOE SUUORUPRE SUURUORION SRNORORN NSRS SU N

(1 S S

(1)) S SUS—

05

03 R G HA— -

The first simple approximation is thus

1
81:0‘XA}+§‘XA§+1'XA17

whose graph is shown below:

0 o -
02 03 04’ 05 45 o7 08 g3 1
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CHAPTER 21. BOREL-LEBESGUE INTEGRATION

We then have
1
// si(z,y)drdy =0 - Area(A}) + 5 - Area(Ay) + 1 - Area(A'),
whose value we leave un-evaluated.
For n = 2, we have
= A ={(z,y) |0 flz,y) <3} ={(z.y) [0Sz +y < 71N [0, 1) U (R?\ [0,1]?),
= A ={=y) ;< fley) <P ={y|;<e+y<z}n[0,1
s = {(a,y) | 2< flay) <3 ={ey) | F<a+y<n017
= Al ={(r,y) | § < flay) < ={ly ] <r+y<1in0 1]
= A2 ={(r,y) | ;< fley) <P ={@y 1<z +y<3}In[0,1]
s 2= {(a,y) |3 < flay) <Y ={@y) | i <a+y< 017
P 2= {(0y) |8 < flay) <D ={@y <ty <)1)
* = {(e,y) | 1< fley) <3 ={(z.y) | I <z +y <2} N[0, 1% and
= A%2 = {(1,1)} (see below).
: A?
n AN DN
o \ EA%\\
D7\\ AG
ool \ AZ\ ...........
' \\ : \\
o4 \Aﬁ AN
; AR AN AN
NG| \\\
N NN
LAERN AN
The second simple approximation is thus
Ll 51
So = ; 5z Xaz T2 X Z; 1 Xazt 2 Xa,
whose graph is shown on the next page:
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0a—t
06—

04—

- SR

We then have

8

----------

0a

// So(x,y) dedy = Z % - Area(A?) + 2 - Area(A?),

i=1

whose value we again leave un-evaluated.

The process continues in the same way for all n, yielding a sequence of posi-
tive simple functions.
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CHAPTER 21. BOREL-LEBESGUE INTEGRATION

At step n, we have:
= At = ({(z,y) [0 <z t+y < 5} N[0,1]7) U(R*\ [0,1]),
A ={(z,y) | 55 <z +y< x}N[0,1*for2 <i <27t
= AL, ={(1,1)}and A" = A? = @ forj > 2" + 1.

Then the nth simple approximation is

on+l
Z —
on = on XA +2 XAY 1y

=1
so that

2n+1 . 1

// Sp(z,y) de dy = Z Z2T -Area(A7) +2 - Area(Ay1 )
2n . 1 antl 1
= Z : o -Area(A7}) + | Z l2—n - Area(A}).

=1 1=2"+41

We can show (see Exercises) that
= (i—13) forl <i<2m

Area(A}) = { 4

=2 —i—3) for2m+1 << 2mt

In general, then, we have:

VAL ontl
i—1 1/ 1 i—1 1 (0 . 1
[[snan-552 5 (=5)« 2 5w (=)
i=1 =241
2m 2n+1
_ > (i-1) i— L) o1 (2 —i- 1
2n4n | 4 2] 2
=1 1=2"41
B L1
S

Write B, = [[ s, dz dy. We clearly have B,, < 1 for all n,and B,, — 1. Then

//f(x,y)dxdy:sup{//s(x,y)dxdy

Fors ¢ Cf), we have seen that

//S(x,y) dx dy = 20@' - Area(4;),

SGCJ(?),SSf} > 1= lim B,.

n—oo
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21.3. INTEGRAL OF POSITIVE BOREL FUNCTIONS

and so the integral represents the volume of a collection of m prisms with base area
A; and height ;. By construction,

// s(z,y)drdy < Volume(solid boundedby 0 < z,y <land0 <z <z + y).

We cannot compute the volume using integrals as we have not yet established that
the integral of a general positive Borel function over a domain A is the volume of
the solid bounded by f over A, but we see easily that the solid in question is exactly
the bottom half of the prism defined by 0 < 2,y < 1and 0 < z < 2, whose volume
we know to be 2, from geometry (see the bottom image on p. 505).

By definition, we must then have

sup {//s@:,y) dudy |5 € (P, s < f} < @ =1
which, combined with the previous inequality, shows that
//f(a:,y) drdy = 1.
Phew! U

If f € ¢'?, both definitions coincide: i, if f = 3 ayxa, with o; € R, A; € B(R?), and
A U---UA, =R? then

//f(:c,y) do dy = z:: 0 - Area(A;) — I(f) = sup {// s(@,y) d dy

Indeed, if f € ¢'?, we have [[ f(z,y)dzdy < I(f). On the other hand, if s € Cf) with s < f,

then
[ swnazay < [[ reacay

according to Lemma 291.3, from which we conclude that

1(f) =sup{//s<x,y>dmy sec? s < f} < [[ Hewyzay < 15).

The next result shows that Lemma 291.3 also applies to positive Borel functions.

secf),sgf}-

Proposition 292
If f, g are positive Borel functions and if f < g, then

//fdxdyg//gd:pdy.
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Proof: if f < g, then {s € Cf) |s< f}C{se Cf) | s < g}, whence

([ sosnscctnzr}e { s

So that
5 € Cf),s gf} < sup {//s(x,y)dxdy

sup {// s(z,y) dx dy

which proves the claim. [ |

SECf)?ség}-

edosa)

One might wonder why exactly we bothered to introduce the Borel-Lebesgue integral: while
going from Riemann sums to simple functions does change our viewpoint of integration, are
the corresponding integrals equivalent, or is one “preferable” over the other?

Theorem 293 (LEBESGUE MONOTONE CONVERGENCE THEOREM)
Let (fn)n>1 be a sequence of Borel functions on R? such that

1. 0< fi(z,y) < folmyy) <+ < folz,y) <+ V(z,y) € R% and
2. fulz,y) = flz,y) V(z,y) € R

Then f is a Borel function on R* and [[ f,.(x,y)dzdy — [[ f(x,y)dx dy. In partic-
ular, [[ fdzdy = lim,_, [[ s, dz dy, whenever (s,) is a monotonically increasing
sequence of positive simple functions bounded above by f, with s, — f (pointwise).

Proof: left as a (difficult) exercise. |
Theorem 293 suggests that the new definition has a clear advantage: what additional con-
straint does the equivalent limit interchange theorem 69 of Riemann integration require?

Corollary 294
Let f, g : R?* — [0, o] be Borel functions and o > 0. Then

1L [[(f+g)dedy= [[ fdxdy+ [[ gdxdy,
2. [[afdedy=a [[ fdxdy.

Proof: left as an exercise. [ |

From this point on, in order to not have to rely on the notation of iterated integrals, we write

/fdm:/---/f(xl,...,xn)dxl---da:n

and m(B) for the measure of B C R" (a generalization of length, area, and volume).
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Theorem 295
Let f be a positive Borel function, taking on the value 0 outside of a Borel set A with

Area(A) = 0. Then [[ fdzdy = 0.

Proof: let

0 (z,y) ¢ A.

Then £ is a Borel function and 0 < f < k. Moreover,

() = {oo (x,y) € A

//kdxdy:O-Area(RQ\A)—i—oo-Area(A):O~oo+oo-0:0,

by convention. Since f < k, then

Og/ fdxdyg//kdxdyzo,

which completes the proof. |

We say that a positive Borel function f is (Borel-Lebesgue) integrable if [ fdm < oo. If
f > 0isintegrable and g < f is a Borel function, then

o> [ fam= [gam+ [(1-g)im= [ gim

and so g is also integrable. This result definitely does not hold in general for Riemann inte-
gration.®

Theorem 296
Let g be a bounded positive Borel function, taking on the value 0 outside a bounded
Borel set A. Then g is integrable.

Proof: let M be such that g(z) < M for all z € R? By definition, there ex-
ists a rectangle B = [ay, a}] X [ag,a}] suchthat A C Band g(z) = 0if z ¢ B. Then
g < Mxpand

/gde/MXBdm:M-Area(B) < 00,

which completes the proof. [ |

We can extend the idea to general Borel functions using the positive and negative parts.

Note that the Riemann and Borel-Lebesgue integrals coincide when the former exists.

8Can you think of a counterexample?
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21.4 Integral of Borel Functions

For a general function f : R” — R, define the positive part of f by

) f(z) when f(x) >0,
fel®) = {0 when f(z) < 0,

and the negative part of f by

Jo(w) = {_f(x) when £(z) <0,

0 when f(z) > 0.
Then f = fi — f-and |f| = f+ + f-.

If f : R" — Ris a finite Borel function, then f; and f_ are positive Borel functions, by
definition. A Borel function f : R" — R is integrable if both f, and f_ are integrable. In this

case, we define
/fdm:/f+dm—/f_dm.

We see now that Lemma 291 has a counterpart for Borel functions.

Theorem 297
Let f, g be integrable functions and A\ € R. Then

1 [Afdm=X[fdm,
2. [(f+g)dm= [ fdmn+ [gdm,and
3. if f < g, then [ fdm < [ gdm.

Proof: since f and g are integrable, we have

[am=[ feam~ [foam and [gam= [goin- [ o in

with [ fydm, [ f_dm, [ g, dm, [ g_dm < .

1. Assume X\ > 0. Then

A/fdmzA(/f+dm—/f_dm> :A/f+dm—/\/f_dm

| Corollary 294| ://\f+dm—/>\f_dm:/(/\f)+dm—/(>\f)_dm

:/)\fdm,

which simultaneously shows that A f is integrable.
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The only thing left to do is to show that the property holds for A < 0. Note that
(—f)+ = f-and (—f)_ = f., so that — f is itself integrable. Then

—/fdm:—/f+dm+/f_dm:/f—dm—/f+dm
— [pedm= [(5)-dm= [(pdm,

and therefore [ Afdm =\ [ fdmforall A € R.
2. By definition, we have
frag=U+—f)+(9+—9-)=(f+ +9+) = (f- +9-)

According to the second solved problem (see p. 525), f + g is thus integrable
and

[+ gyam= [+ g)dm— [ (54 dm

’Corollary294‘ :/f+dm+/g+dm—/f_dm—/g_dm:/fdm+/gdm.

3. Sinceg— f >0and g = f + (g — f), we have

Jodn=[gan+ [g—gan= [ fam

according to Corollary 294 and Proposition 292. [ |

ThesetV, = {f : R" — R | f finite, Borel, integrable} is a vector space over R; the integral
of f over R" is a linear functional, which is to say that

—dm:V,—R

R’VL

is a linear functional.

Theorem 298
Let B € B(R™), with m(B) = 0. If f, g are Borel functions such that f = gonR" \ B
and if f is integrable, then g is integrable and [ f dm = [ gdm.
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Proof: the function f —gis aBorel function with f —g = 0onR"\ B. Write h = f—g;
then h =0onR" \ B. Hence h,,h_ = 0onR" \ B, and by Theorem 295 we have

/h+dm:/hdm:0.

In particular, 4 is integrable and

/hdm:/h+dm—/h_dm20.

Since f = g + h, Theorem 297 gives

/fdm:/gdm+/hdm,

so [ fdm = [ gdm, which completes the proof. |

21.5 Integration Over a Subset

To this point, we have studied integration over R” in its entirety:

/fdm: Rnfdm.

But we can also integrate functions over subsets of R". Let A € B(R")and f : A C R" — R.
If the function fx 4 : R®™ — R defined by
flx) x €A,

(fxa)(z) = {0 rd A

is a Borel function and if fy4 > 0 or fx 4 is integrable, we define

/Afdmz/fodm.

We can show (see Exercises and Theorem 296) that if f is bounded on A and fx 4 is a Borel
function, then fy,4 is integrable. When [ . fdm < oo, we say that f is integrable on A.

Theorem 299
Let A, B € B(R") with AN B = @. If f is a Borel function on AU B, then

1. I_ff Z Ol fAUdem: fAfdm+fodm,and
2. fisintegrable over AU B if and only if f is integrable over A and over B.

Proof: left as an exercise. [ |

If m(B) = 0, then [, f dm = 0. In that case, fdm = / fdm.
AUB A
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21.6 Multiple Integrals

The example of Section 21.4 shows that while we can compute the (Borel-Lebesgue) inte-
gral of a relatively straightforward integrand f, the process can leave a lot to be desired.’ Let
f : R? — R be a bounded Borel function, that is, f is 0 outside of a bounded region. For all
y € R,the map = — f(z,y) is a bounded Borel function that is 0 outside of a bounded subset
of R, hence = — f(x,y) is integrable.

Theorem 300 (FUBINI'S THEOREM)
Let f : R* — [0, oc] be a Borel function. For every y, let F(y) = [, f(x,y) dz. Then F°
is a Borel function and

foron ff s [ dy—/</m )

Proof: left as an exercise. [ |

Similarly, if G(z) = [, f(z,y) dy, we have

/szdm:/RG(x)dI:/R(/Rf(fv,y)dy) d

Example: let f : R? — [0, oo be defined by f(z,y) = (z + y)~*, where A C R?is
the triangle bounded by x = 1, y = 1, and = + y = 4. Compute fA fdm.

Solution: the triangle’s three vertices are located at (1,1), (1,3), and (3,1).
For a fixed = € R, we have

B L ife ¢ [1,3],
_/Rf(x,y)dy—{ ety e (L9]

But

4—x _3qy=4-—=x _3
_ +y) (x+1) 1
4 d — (‘I — o
/1 (z+y) " dy [—_3 . T oy

from which we have

?As in the previous sections, we will provide the important details for functions R? — R; the process is easy

to generalize to R".
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If f is a positive Borel function, we can interchange the order of integration (as in Theorem
300); for general functions, there are complications. One way out of the quagmire is to decom-
pose f = f, — f_andto integrate f, and f_ separately, but that can quickly get cumbersome.

Theorem 301 (SPECIAL FUBINI THEOREM)

Let f : R? — R be a bounded Borel function taking on the value 0 outside of a bounded
region. Forally, x — f(x,y) is a bounded Borel function taking on the value 0 outside
of a bounded subset of R. Set F'(y) = [, f(x,y) dx. Then F is a bounded Borel function
and

/Wfdm: RQf@y)dl’dy:AF<y>dy:AG<x)dx.

Proof: by hypothesis, there exist M, N > 0 such that |f(z,y)] < M for all
(z,y) € R?and f(x,y) = 0forall (z,y) € [-N, NJ2.

For a fixed y = yo, the map = — f(x, o) is a Borel function, with |f(x, yo)| < M for
all z, and f(z,y9) = 0 when || > N. If |yg| > N, then F'(y) = 0; more generally,

N
Plw)| < [ Mdo=20N,
—N

so I is bounded.

[t remains to see that F' is a Borel function and that the conclusion of the the-

orem holds. Using the decomposition f = f, — f_, we reduce the problem to
the case f > 0; it then suffices to apply Theorem 300 to each of the positive and
negative parts of f, completing the proof. [ |

The result generalizes to R" in the natural way.
Example: Let f : A C R?® — R be defined by f(z,y, 2) = 2zyz - xa(x,vy, z), where

A={(z,y,2) |2>0,y >0,2>0,2%+y* +2*> < 1}.

I:/fdm://RSf(x,y,z)dxdydz.

Solution: let B = {(z,y,2) | z* +y* <1, x >0,y > 0, z = 0}. For fixed z, y € R?,
we have

Compute

Fle.y) /2 (2.9.2)d 0 if (z,y,0) ¢ B,
T,Yy) = TYz - XA\, Y,%z) 0z = J1—x2—
R 0 Lty 2xyzdz if (z,y,0) € B.
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Since
2

= fL’y(l - '12 - y2)7

ﬂ Ty

2eyz dz = 2xy {E

/ 1—az2—y
0

the desired integral is

]://R2F(:v,y)dxdy://3xy(1—xQ—yg)dxdy.

We can decompose this double integral as follows: for 0 < x < 1, set

2=0

VisaZ .
Ga)= [ m1-a* ) dy =T -2
0

otherwise, set G(z) = 0. Then

1t 1
I:/RG(a:)d:c:Z/O x(l—xQ)de:ﬂ. O

In general, if D C R" is a Borel set, then

m(D) :/XD dm.

If n = 2, this takes the form

Area(D) = //R2 xp(z,y) dz dy;

Vol(D) = / / /R xola.y,2) dedyd=.

if n = 3, we have

Examples

1. Leta, b > 0. Find the area of the ellipse A = {(z,y) € R? | 2?/a*+ y*/b* < 1}.

Solution: rewrite

A= {(x,y) eR*| —a<z<a, —é\/CLQ—ZL‘z <y< 9\/a2—x2}.
a a

Area(A) //R alzy) dz dy = /_ (/R A ) dy) d.
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But
0 ifr & [—a,al,
) dy = ba?=x
/RXA(x v)dy Je %2_; dy = 2Va®>—2? ifz € [—a,al.
Then
20 [
Area(A) = — Va? — 2?2 dx
a4 Jz=—q
20 77
T =acosy, dv = —asingpdw‘ = — Va2(1 — cos? o) (—asin ) dp
a Jprn
20 [°

= - a’sinfpdp = 2ab/ sin? p dyp
0

a Jr

(11— 2 in2p]"
= 2ab/ (ﬂ) dp = ab {gp _sm SO} = mab.
0 2 2 o

2. Leta,b,c>0and E = {(x,y,2) | #2/a* + y*/b* + 2*/c* < 1}. Find Vol(E).

Solution: we have

Vol(F) = ///RS Xe(z,y,z)drdydz = /_z <//R2 Xe(x,y,z)dx dy) dz,

(. S

~~

=Area(E>)

where

(Y] [\&]
+
®|<E
no [\]
+
Ml [\~]

|
—
H,—/
I
—N—
=
s
=
=%
[N}
+
=
<
|
[N}
IN
—_
——

E, = {(xay)
where h = /1 — 22/¢2 > 0.

According to the preceding example, we know that
Area(E.) = w(ah)(bh) = mabh® = mab (1 — 2 /%)

when |z| < ¢, so that

c 2 3 72=c¢ 4
Vol(E) = / wab (1 — Z—) dz = mwab [z - Z—} = " abe. O

c? 3c?

—c z=—c

We finish the chapter with some detail regarding one of the most commonly-used integration
shortcuts: changes of variables.
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21.7 Change of Variables and/or Coordinates

In the preceding section’s example where we compute the area of an ellipse, we encounter an
integral in = which we cannot compute directly; instead we introduce a new variable ¢ and
arelation between x and ¢ that we leverage to easily compute the integral. We formalize the
process in this section.

LetV : U Cp R* — V Cp R be a diffeomorphism; thus, ¥ and ¥~ are C!, Vo U1 (v) = v,
U~! o ¥(u) = u, the Jacobians d¥(u), d¥~*(v) : R* — R" are linear maps, and

d(¥ o U H(v) =dU (¥ (v))dU(v) = I,

for all v € V, which means that d¥(u) and d¥~!(v) are invertible for allu € U,v € V.

Examples

1. Forn = 1, define Vv : U = (0,7) — V = (—1,1) by ¥(u) = cosu. Then
d¥(u) = —sinu < 0 forall u € (0,7), i.e., ¥ is decreasing on (0, 7), with
lim, ,o+ ¥(u) = 1and lim, - ¥(u) = —1.

2. Forn = 1,letU = V = (0,1) and define ¥ : U — V by ¥(u) = u?. Then
d¥(u) =2u > Oforallu € U, i.e., ¥ is increasing on U, with lim, .o+ ¥(u) =0
and lim,_,;- U(u) = 1.

3. Forn=2letU ={(r,0) |r>0and —7 <0 <7}, V=R?\{(z,0) | » <0},
and define ¥(r,0) = (r cosf,r sind). Then

cosf) —rsinf
sinf rcosf /-

AU (r,0) = (

Note that Jy (r, 8) = det(d¥) = r cos?§ + r sin®§ = r > 0 and that ¥ is:
= injective since if U (ry, 6;) = ¥(ry, 05), then
1 = [[®(ry, 00)[[2 = 19 (r2, 02)[]2 = ra

and cos 6; = cosfy and sin §; = sin b, yield ; = 0y € (—7, 7);
= surjective since if (z,y) € V, setr = \/z? + y? > 0; then

.172 2 2 2
T T

5 — z =rcosf,y =rsinf forsomed € (—m, .
,

Butif§ = 7w, thenx = —r and y = 0, so that (z,y) ¢ V, a contradiction;
thus 0 € (—m, 7).
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Thus ¥ : U — V is a bijection; its inverse ¥~! : V' — U is defined by
U~l(z,y) = (r,0), as given on the previous page. It is easy to verify that
UoWU~!:V — Visthe identity, as

V(U Hz,y) = U(V/a2+y2,0) = U(r,0) = (rcosd,rsinb) = (z,y).

Both ¥ and ¥~ are C" and the Jacobians d¥(r, ) and d¥~!(x,y) are invert-
ible (see Exercises); as such, ¥ is a diffeomorphism between U and V. In this
particular case, we can express 6 explicitly in terms of (x, y):

T

0
0 c (—7T,7T>:>— c <_§7§

5 > — cos(0/2) # 0;

then

sin(6/2) sin 6 rsiné Yy

cos(0/2) " 1+cosf (1 + cos ) 22+ 2 4o

= ( = 2Arctan S . O
?+y’+o

tan(0/2) =

If f : V — Ris a Borel function, let Jy(2) = det(d¥(z)); then Jy(z) # 0 since V is a diffeo-
morphism, and the composition f o ¥ : U — R is also a Borel function. In R?, for instance, if

U(s,t) = (z,y) = (z(s,t),y(s,t)), then

Ox(s,t)  Oz(s,t)
Jy(s,t) = det ( 0 ) _ O (s, 1) ' y(s, 1) B O0x(s,t) . 0y(s,t)

Js 9
8y(§s,t) (9y(gs,t) 0s ot ot 0s 7& 0
s t

Theorem 302 (CHANGE OF VARIABLES)
1. Let f : V — [0, 00| be a positive Borel function. Then

//V fla,y)dvdy = //U f(@(s,t),y(s,1)) | Ju (s, t)| ds dt.

2. If f : V — R s an integrable Borel function, then f o ¥ |Jy| is Borel and
integrable on U and

//Vf(x’y)dmdy://Ufo‘l’(87t)|Jq/(s,t)|dsdt.

Proof: left as an exercise. [ |
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As usual, this result easily generalizes to R".

Examples

1. Forn = 1,if ¥ : [a, 8] — [a, b] is a bijection with ¥(a) = a, ¥(8) = b, ¥ is C!,
and U’ > 0 on («, /3), then U is an increasing diffeomorphism between [«, /]
and [a, b]. Let f : [a,b] — R be a continuous function. Then

b 8
/f(U)du: flu)du="[ f(u)du= [é}(w(t))l‘l"(t)ldtZ/ fQU(@) V() dt.

[a,b] (a,b)

2. If U is as in the previous example, but with ¥/ < 0 on («, 5), then

b «a
/f(u)du:—/ FOUE))W' (#)dt. O
a B

21.7.1 Polar Coordinates

Let U, V, U be as in the example on pp. 520-521. Then Jy(r,0) = r. If I = {(z,0) | = < 0},
then Area(7) = 0. Then, if f : R? — [0, oc] is a positive Borel function, we have

/RQf(x7y)dIdy—//Vf(l‘ay)dxdy—//Uf(rcose,rsine)rdrde.

If f is Borel and integrable over R?, then (r,0) — f(r cos6,r sin§)r is integrable over U and

/R2 f(x,y)dxdy://Uf(rcose,rsin(?)rdrde.

This transformation yields polar coordinates, as illustrated below.

yt Area = Ax Ay 1 Area = r Ar A6
. Ay . 26
-1
Ax ¥ X
NS
> >

Example: for the Borel function f : R*> — R defined by f(z,y) = exp(—z? — ?),
we have

I= // exp(—2? — y?) dx dy = // exp(—r?)rdr df :/ / exp(—r?)rdr df
R2 U 0 -7

= 7T/ 2r exp(—r?) dr = 7r/ exp(—u) du = .
0 u=0
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Since

I= (/R exp(—xQ)dx) (/R exp(—y2)dy) = (/}R exp(—x?) dx>2 =,

/R exp(—22) dz = /7

we can compute the integral even though exp(—x?) does not have an elementary
anti-derivative. O

then

21.7.2 Spherical Coordinates

In spherical coordinates, we represent the point P(z,y,z) € R? using the coordinates
(r,,0):
x=rsinpcosf, y=rsinpsinf, =z =rcosp.

z
~~~~~~~~~~~~~~~~ P(x,y,z)
T

4

~

o ;y

6 e

e
Let
U={(r,p,0)|r>0,0<p<m 0<6<2r}

and

V=R\I,=R\{(z,0,2) | > 0}.
SetV : U — V, with
U(r,p,0) = (rsinpcosf,rsinpsind, rcos ).

Then
sinpcosf rcospcosf —rsinpsind
d¥(r,p,0) = | sinpsind rcospsingd rsinpcosf |,
COS ¢ —rsing 0
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so that|Jy(r, ¢, 0)| = r?sin ¢, because of the restrictions in the definition of U. Furthermore,
Vol(I,) = 0;if f : R® — [0, oc] is a positive Borel function, we then have

//Rsf(x’y’z>dxdydz:///Vf(xay»z)dxdydz

= /// f(rsingcosf,rsinpsind, rcosp)r?sin e drdp df.
U

More generally, that relationship also holds if f : R?> — R is Borel and integrable.

Example: compute the volume of the ball Bg = {(z,v, 2) | 2% + 3* + 22 < R?}, for
R > 0.

Solution: according to the definition,

Vol(Bg) = /// drdydz = /// XBg(2,y, 2)drdydz
Br R3
R ™ 2 R ™
—/ (/ </ rzsingodﬁ) d<p> dr—27r/ r? </ Siﬂgpdgp) dr
0 0 0 0 0

R R 7,3 R 4
= 27r/ [~ cos |7 dr = 47r/ r?dr = 4w [—] =R’ O
0 0 3 0

21.8 Solved Problems

21.8.1 Borel-Lebesgue Integral on R"

524

1. Show that a bounded Borel function which is identically zero outside of a bounded set
is integrable.

Proof: by hypothesis, there exists M/ > 0 such that |g(z)|] < M forall z € R™
Furthermore, there is a bounded set A such that g(z) = 0 for all z ¢ A. Since A is
bounded, there exist a;, a; € R such that

ACB= H[ai,ag]
i=1
and g(z) = O forall z ¢ B. Finally, |g| < Mxp and

n

[o| = 1< [ars =1 [ xn= s = a] [ - a) < .

i=1

that is, g is integrable. [ |
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2. Letwu, v be positive, integrable Borel functions. Show that « — v is integrable and that

/(u—v)dm:/udm—/vdm.

Proof: by hypothesis, 0 < [udm < coand 0 < [wvdm < co. By linearity of the
integral for integrable functions,

/udm:/(u—v)dm—i-/vdm,
J—vyam= [udm~ [oin.

The right-hand side is finite, hence © — v is integrable. |

SO

3. If f is bounded on A € B(R?), fx. is a Borel function, and Area(A) < oo, show that
fxa isintegrable.

Proof: let M/ > 0 be such that |f(z)| < M forall z € A. Then, under the hypotheses,

‘/fXA

which completes the proof. |

S/leA|=/|f|XAS/MXAZM/XAZM'AF%(A)<OO,

4. Let A, B € B(R"), AN B = &, and f be a Borel function on A U B.

[y ine [y

b) In general, show that f is integrable over A U B if and only if f is integrable over
A and integrable over B.

a) If f > 0, show that

c) If f isintegrable over A U B, show that the equation of part a) holds.

Proof:
a) Let (s;,) be a sequence of positive simple functions such that
i. sp(z) = f(z)forall z,
ii. 0 <su(z) < f(z)forall z,
iii. sp(2) < spt1(2) forall 2.

Let C' € B(R™). Then (s, x¢) is an increasing sequence of positive simple func-
tions converging pointwise to fx¢, so by the monotone convergence theorem,

/Csndm:/snXCdm%/chdm:/Cfdm. (21.1)

Forany n € N, since A N B = & we have

SnXAUB = SnXA t SnXB;
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and therefore

/ Spdm = /SnXAUB dm = /(SnXA + spxB) dm
AUB

—/snXAdm+/snXBdm—/sndm+/sndm.
A B

LettingC' = AUBin (21.1) gives [, g sndm — [, 5 f dm;lettingC = Agives
J48ndm — [, fdm;andletting C = B gives [ s, dm — [ f dm. Hence

/ Sndm+/ Sp dm= Spdm
A B AUB

|

so, by uniqueness of limits,

fusonfgime fron

b) Suppose f is a general (not necessarily positive) function, integrable over A and

B, that is,
/ fdm' < 00.
B
By a remark made in class, this means that

Os/Af+dm,Af—dm,/gf+dm7/j9f—dm<w-

Since f, and f_ are positive, integrable Borel functions, part a) yields

/fdm‘ < oo and
A

OS f+dm:/f+dm+/f+dm<oo,
AUB A B

0< f_dm:/f_dm+/f_dm<oo.
AUB A B

Thus f; and f_ are integrable over A U B, hence f is integrable over A U B.
Conversely, suppose f is integrable over A U B, that is,

/ fdm‘ < 0.
AUB

Again, this implies

0< f+dm, f—dm < oo.
AUB AUB
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Applying part a) to f; and f_ gives
Og/f+dm+/f+dm— f+dm<oo,
A B AUB
Og/fdm—i-/fdm: f—dm < oo,
A B AUB

0§[4f+dm,[4fdm,/Bhdm,/dem<oo,

so f is integrable over A and over B.

hence

c) Assume f isintegrable over AU B (and therefore over A and B, by partb). Then

/fdm= fodm— [ dm
AUB

AUB AUB

(fome )= ([ 50
(frin- - ([ o)
:/Afdm—i—/dem.

5. Show that the area of the circle S' = {(z,y) € R? | 2% + y? = 1} is zero.

Proof: we use the following intermediate result.
LEMMA: Let ¢ : [0,7] — R? be continuous, with 7' > 0. If there exists
M > 0 such that
le(s) = e()]loo < Mls — (21.2)

forall s,t € [0, T, then ([0, 7]) has 2-dimensional measure 0.

Proof: forall N > 1, let
T

Recall that ||Z||oc = max{|x1|, |z2|}. Then, by (21.2), for each i we have

o([ti1,t:]) € L;

for some square /; of side length % Thus Area([;) = 4]\]4\[22T2 and

N

4M>T?
;Area(h) =5
1=

Nowlete > 0and choose N > %. Then ([0, T']) is covered by squares
whose total area is < ¢, so Area(¢([0,77])) = 0. O
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Let ¢ : [0,27] — R? be defined by ¢(t) = (cost,sint). Then ¢ is continuous and
©([0,27]) = S*. By the mean value theorem applied to each component,

lo(s) = () lloo < max{ sup [y (n)], sup |90'2(77)|} |s — 1]
n€el0,2x] n€(0,2x]

< max{sup | sinn|,sup | cosn\} |s —t] <|s—tl.
n n
We can therefore apply the lemma (with 7 = 27 and M = 1) to obtain Area(S*) = 0.
|
6. Show thatif f, g : R? — R are Borel functions, then so is f + g.
Proof: let d € R. Forany r, s € Q such thatr + s < d, we have
{z] f(z) <r}n{z]g(z) <s} S{z| f(z) +9(2) <d},
thatis, Bf N EJ C Efiurg. Hence
U (Ef ﬂE;;’) c B9,
r,s€Q
r+s<d

If 29 € El}ﬁg, then f(z) + g(20) < d, so there exist r,s € Q such that f(zp) < r,
9(z0) < sand r + s < d (since Q is dense in R). Thus zy € Eﬂc N EY, and therefore

U (BlnEg) =Bl
r,s€Q
r4+s<d

But f and g are Borel functions, so Ej, EY € B(R?) forall r,s € Q. Since B(R?) is a
o-algebra,
B € B(RY),

and f + g is Borel. |
7. Show that every countable subset of R? has 2-dimensional measure zero.
Proof: let ¢ > 0. List the elements of the countable subset as
A ={ay,a9,...,an,...}.
Let R, be a square centered at a,, with Area(R,) = 557. Then

€ € 1 €
ZArea(Rn):Z2nH:§ on =5 <€
neN neN neN

Thus Area(A) = 0. [ |

8. Let f : R? — R be defined by f(z,y) = sin(z) and set A = [0, 2] x [0,1]. Compute
fA fdm.
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Solution: we have

/A fam= [ peadm= [(txaedm = [(pxa)-dm= [ foxadm= [ fxadm,

where
sinx ifz € [0, 7],
fr(@,y)xa(z,y) = { [. ]
0 otherwise,
—sinx ifz € [, 27|,
f-(z.y)xa(z,y) = [. |
0 otherwise.
Clearly,ferXAdm:ff,XAdm,sofAfdmzo. U

9. Show that the set
Z ={f:R" — R| fis finite, Borel, and integrable }
is a vector space over R.

Proof: since 7 is a subset of the vector space of all functions from R™ to R (over R),
it suffices to verify the three subspace conditions.

a) O € Z: this is the case since the function defined by O(x) = 0 for all x € R" is
Borel, finite, and integrable, with [ O dm = 0.

b) f,g €I = f+ g < I:if fandgare Borel and finite, then f + g is Borel and
finite. Moreover, since f and g are integrable, we have

‘/(Hg)dm S‘/fdm’+'/gdm‘<oo,

so f 4 g isintegrable and thus f + g € 7.
c) feZTanda € R = «f € Z:if f is Borel, finite, and integrable, then o f is

Borel and finite. Also,
|/afdm’ = || /fdm’ < 00,

so af is integrable and af € 7.
Consequently, 7 is a vector space. |

10. Show that I : Z — R defined by I(f) = [ f dm is a linear functional.
Proof: since 7 is a vector space over R, it suffices to show that

I(af + Bg) = ol(f) + BI(g)
forall f,g € Zand all o, 8 € R. Butif f and g are integrable, then

Iaf+89) = [(af + Bg)dm = [(af)dm+ [ (8g)dm
—a [ fam+5 [ gdm=aI(r)+ 51(9).

which completes the proof. |
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11. Let f : R — R be defined by

flz) = {1 ifr e Q,

0 otherwise.

Is f integrable? If so, what value does | f dm take? If not, where does the problem lie?

Proof: note that f = xg and Q € B(R) with Length(Q) = 0. Therefore,

/ fdm = / Xq dm = Length(Q) = 0,
R R

so f is integrable and [ f dm = 0. ]

12. Let f : R? — R be defined by f(z,y) = = + . Is f integrable? If so, what value does
[ f dm take? If not, where does the problem lie?

Proof: a function is integrable if and only if both its positive part and its negative
part are integrable. Here, f, f_ : R? — R are defined by

x4y ify > —xa,
f+(xay) = {

0 otherwise,
_(z,y) =
J-(@.y) {0 otherwise.

Consider the positive simple functions

(2.7) 1 ifxr>1landy > 1,
s1(x,y) =
1y 0 otherwise,

(2.7) 1 ifr<—-landy < —1,
so(x,y) =
25y 0 otherwise.

Then
0<s < fy,y 0<sy< f,

OS/slde/f+dm, 03/82dm§/f_dm.

But [ s1 dm = [ s dm = oo (since their supports have infinite measure), so [ f1 dm =
oo and [ f_ dm = oo. Thus f is not integrable. [ |

N

13. Suppose that f is R-integrable over [a,b]. Is f integrable over [a, b]? What relation is
there between f[a y fdmand fab f(z) dz, if any?

Proof: if f is R-integrable over [a, b], then

/b f(z)dx = fdm
a [a,b]
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14. Suppose that f is integrable over [a, b]. Is f R-integrable over [a, b]? What relation is

and )
00 > / f(z)dz|.
Consequently,
/ fdm| < oo,
[a,b]
so f is integrable over [a, b] and the integrals coincide. |

there between f[a y fdmand fab f(z) dz, if any?

21.8.2

1. Let f : R? — R be independent of y, that is, there exists a function ¢ : R — R such that

Proof: there is no implication in general. There are integrable functions which are
also R-integrable, such as f : [0,1] — R defined by f(x) = 22, for which

/[O’l]fdm:/olf(a:)dx:;.

But there are also integrable functions which are not R-integrable. Consider the func-
tion f : [0,1] — [0, co] defined by

flz) = {oo ifx e QnNIo,1],

0  otherwise.
We have f[o 11 f dm = 0,so f is integrable. However, f is not R-integrable (in partic-

ular, it is not bounded). The moral of the story is that Lebesgue integration is more
general than Riemann integration. |

Multivariate Calculus

f(z,y) = g(z) forall (z,y) € R

a) What general property does the surface z = f(z,y) possess?

b) Let R = {(z,y) | a < x < b, ¢ < y < d}. By interpreting the integral as a
volume and by using the answer from part a), write fR f dA using a function of

one variable.

Solution: if f is independent of y, then the surface z = f(z,y) is constant in the
y-direction. As such,

/RfdA:/ab/cdg(x)dydx:(d—c)/abg(:r)dx. 0

2. Let f: R C R? — R be an integrable function and let R be as below.
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1 4

Write | r J dA as an iterated integral.

Solution: the vertices of R are (1,0), (2,1), (4,2) and (4,a), where 1 < a < 2. The
line from (1,0) to (4, a) is

y= %(:ﬂ —1).
Thus, R is the region defined by
%(x—1)<y§2, 1<z<4,
and f14 fgz(z_l) f(z,y) dy dz is one way to write the iterated integral. O

3. Compute the integral f02 [y e dy da.
Solution: the region of integration is given by
0<y<uz, 0<x <2

Thus,
2 rx 2 2 2
1 1
/ / e dydx = / [yexz]x dr = / ze® do = [—er] = (et —1). O
o Jo 0 0 0 2 Jy 2

4. Compute f03 fy92 ysin(z?) dz dy.
Solution: the region of integration is
y¥<x<9,  0<y<3.

Since it is difficult to find an antiderivative of sin(z?) with respect to x, we change
the order of integration. The region can be written as

0<y<+u, 0<x<9.

Thus,

3 9 9 T 9 Tqy2 VT
//ysin(acz)dxdyz// ysin(xQ)dydxz/ [—Sin(w2)] dx
0 Jy2 o Jo 0o L2 0
O

= /0 B sin(z?) da = [—% Cos(z2)]9 = }1(1 — cos 81). g

0
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5. What is the volume of the solid bounded by the planes z = x + 2y + 4 and z = 2z + v,
above the triangle in the zy-plane with vertices A(1,0,0), B(2,1,0) and C(0,1,0)?
Solution: in the xy-plane, the equations of the boundary of AABC are

AC: y=—-z4+1 o z=—y+1,
BC: y=1,
AB: y=z—1 «» z=y+ 1.

The region of integration R can be written as
0<y<l, —y+l<z<y+l,

and the volume of interest is

y+1
/}x+2y+4 2az+y}dA // y—x+4)drdy
y+1

y+ 3 1

x 2 11

=/ [yx—+4:c} dy—/(Zy +6y)dy—[y+3y} =—. O
0 2 —y+1 0 3 0 3

6. Compute [, hdV, where h(z,y, z) = ax + by + cz and
W=A{(z,y,2) |0<2z<1,0<y<10<2z<2}.

Solution: the region of integration is rectangular, so there are no hardships:

2
/th /// (ax + by + cz) dzda:dy—// [aa:z—l—byz+c2] dx dy

// 2ax+2by+2c)dxdy—/ [ax +2bxy+20x]0dy
0

1
:/(a+2by—|—20)dy:[ay+by2+20y]é:a+b+2c. O
0

7. Sketch the region of integration W of the triple integral

1 2—x 3
/ / / flx,y,2)dzdydz.
0o Jo 0
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Solution: the region is defined by

0<2<3,

0<y<2—u, 0<z<1.

Thus, it is a prism bounded by the sixplanes z = 0,2 =3,y =0,y =2 — x,x = 0,

and z = 1.

y=2—x

8. Let f : R — R be defined as below. Write fR f dA as an iterated integral.

Y

Solution: in polar coordinates, the region becomes

1<r <2,

Thus,

3T

<0< —
- T 2

bo| 3

2 31/2
/f(a:,y)dA:/ / f(rcosf,rsin@)rdfdr. O
R 1 Jm/2

9. Compute foﬂ N Y vy da dy.
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Solution: the region of integration R is defined by

0<z<V4—¢?  0<y<vV2

We separate this region into two subregions 2 and Ry with the line y = z. Thus,

/xydA:/ xydA—i—/ xy dA.
R Ry Ro

0.8

0.6

0.4

0.2

00 0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2
In polar coordinates, R; is
0<r<2  0<60<

whence

w/4 2 /4 2
/ xydAz/ /(rcos&)(rsin&)rdrd@z/ / 73 cos @ sin 0 dr df
R 0 0 0 0

2 /4 472 .. 2 p77/4
= (/ rs dr) / cosfsinfdf | = [r_] [sm 9] =4. 1 =1.
0 0 4 0 2 0 4

In Cartesian coordinates, R> is

0<2<V2, z<y<v?2,

whence

V2 V2 V2 r27v=v2 Va2 23
/ xydAz/ / a;ydydxz/ x[—] dxz/ (x——) dx
Ry 0o Ja 0 2 |y 0 2

x? m4\/§ 1
:{3—§L:5

P. Boily (uOttawa) 535



21.8. SOLVED PROBLEMS

Thus,

3
=-.[J
2

1
/mydA—1+
R

10. Compute [, sin(z* + y?) dV, where W is the cylinder centered about the z axis from
z = —1to z = 3 and with radius 1.

Solution: in cylindrical coordinates, W is
0<r<, 0<60 < 2m, -1 <2<3.

Thus,
3 2 1
/ sin(z? 4 y?) dV = / / / sin(r?)rdrdf dz = 4n(1 — cos 1). O
W -1Jo Jo

11. Using spherical coordinates, compute the triple integral of f(p,0,¢) = sin¢ on the
region definedby 0 < 0 <27, 0 < < 7,1 <p <2,

Solution: in spherical coordinates, the region is

0<6<2om,  0<p<T,

2 /4 P2 2r /4 P2
/ / / sin ¢ p? sing dp dp df :/ / / p?sin? o dpdy do
o Jo 1
2r  pm/4 p3 2w 7r/4
/ / [ sin gp] dedf = / / —sin? pdpdf
o Jo 3

2 _ /4 2m —92
/ Tezsinpcosy dH:/ o d="(x_2. O
, 3 2 . , 3\ 8 12

1 V1—22 V1—z2—22
/ / / (2? + 4% + 22) V2 dy dz dx.
0 J—V1-22 V1—z2—22

Solution: in spherical coordinates, the region of integration is

I<p<2

Thus,

12. Compute

——<9<§ 0<p<m, 0<p<1.

5 =
Thus,

w/2 pm ol 1 w/2 pm rl
I:/ / / — p*singpdpdpdf = / / psindpdy df
—n/2Jo Jo P —7/2 0
w/2 pwT 2 1 /2
:/ / [”SIW] dipdf = / SN o df
—x/2Jo L2 —n/2 2

w/2 /2
:/ [-2=2]" d9:/ 1dg=r. [
w/2 2 0 w/2
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1 1 V1—z2
/ / / 2(952 +y>) V2 dy dx dz.
0 —-1J—-vV1-=x

Solution: in cylindrical coordinates, the region of integration is

13. Compute

0<r<1, 0<6< 2w, 0<z<1.

Thus,
12w r1q 1 por gl
I:// /rdrdé’dz:// /1drd0dz:27r. O
o Jo o7’ 0o Jo 0

14. Compute fol f\l/E eV’ dy dz.

Solution: the region of integration is given by

15. Sketch the solid bounded by the surfaces z =0,y =0,z =a—2x+yandy = a — %xQ,

where a is a positive constant. What is the volume of that solid?

Solution: the solid’s base is the parabolic region in the zy-plane bounded by the line
y = 0 and the parabolay = a — é:cQ. The volume of this solid is thus

v://D(a—x+y)dA://D(a+y)dA,

SO
a a—1z? a 2 “*%552
V—/ (a—i—y)dydaf—/ [ay—i—y} dx
—a J0 —a 2 0
a 4 a
_ 2 2, T _ 2 3 I 5|7 _28 4
—2/0 (a — 2 —1—%2>d$—[3aw—31‘ +@ }0—15@ |

In2

0 foln5 e?*Y dx dy.

16. Evaluate
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Solution: since the region of integration is a rectangle, we can proceed directly:

In2 plnbs In2 1 z=Inb5 In2
/ / e Vdrdy = / [e%_y] dy = / 12¢7 Y dy
o Jo 2 2=0 0

=[-12e]7* =6. O

17. Evaluate fo fo

Solution: since the region of integration is a rectangle, we can proceed directly:
1,1 1 =1
I:/ / :Uydxdy:/ [y x2+y2+1} dy
0o Jo Var+y?+1 0 z=0
1 1 1
=/ y[\/y2+2*\/y2+1} dy:/ y\/y2+2dy/ YV 2 + Ldy
0 0

= [;(y2+2)3/2]:—[;(y +1)3/2] \f—f+0 O

18. Let D = {(z,y) | 1 <y <e, y* < < y*}. Compute [, L dA.

Solution: the double integral can be expressed as an iterated integral:

// 2 dA = // dxdy—/l n |17, dy—/ [In |y*| = In|y?(] dy

:/ In(y )dy—2/ Inydy=2[ylny—yli=2. 0O
1 1

19. What is the volume of the solid lying under the paraboloid z = 22 + y? and above the
domain bounded by y = 22 and z = y*?

Solution: the domain D is
D={(z,y)|0<2<1, 2* <y <Va}

Its volume is

Y3 vz
// z? +y )dA = // (2% + 92 dydac/ [mzy—i—?)] . dx

5 771
:/ 2?2 — —l—L—x— dr = 2x7/2—£+ 2:E5/2—m— E O
0 3 3 7 5 15 21

20. Let R be the disk of radius 5, centered at the origin. Evaluate ffR x dA.
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Solution: in polar coordinates,
R={(r,0)|0<r<5 0<6<2r}

Since x = r cos 6, we have

5 pr2m 5 pr2rm 5
//di:/ / rcosH-rdOdr:/ / r2c059d0dr:/ [#2sin6)." dr = 0.
R 0 JO 0 JO 0

Are you surprised by this result? You should not be. O

21. What is the volume of the solid lying under the cone =z = /22 + y? and above the ring
4 < 22 4+ y* < 25located in the zy-plane?

Solution: if R = {(z,y) | 4 < 2? 4+ y? < 25}, then we wish to evaluate
// Va2 +y?dA.
R

In polar coordinates,
R={(r0)|2<r<50<0<2r}, Va2+y?=r,

SO

5 2w 5 pr2mw 5
// \/332+y2dA:/ / T-rd@dr:/ / r2d9dr:27r/ 2 dr = 78 O
R 2 Jo 2 Jo 2

22. Compute f02 o 2ot 2§ y2 dy dz.

Solution: in polar coordinates, this region rewrites as

ogegg, 0<r<2cosé,
whence
= [ v [ i = [T 5]
0 JO 0 0 0 3 0
—/{)ﬂ/22c0530d0—§-§—196. O

23. Find the mass and the centre of mass of the metal plate occupying the domain
D={(z,y) [ 0<2<2 0<y<3},

if the density function of the plate is p(z,y) = v.
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Solution: the total mass is m = [ [, p(x,y) dA, while the coordinates of the centre
of mass (7, y) are given by

x:;//Dxp(w,y)dA, y=;//Dyp<m,y)dA-

Thus,

24. Evaluate f03 0 oot fox xyzdy dz dzx.

Solution: this can be done directly:

3 9—22 px 3 rV/9—2Z y2 x
I:/ / / xyzdydzdac:/ / [mz} dz dzx
o Jo 0 o Jo 2y

3 V922 3 [ p3,27V9 %
:/ / dzdac:/ [ ]
0 0 0
1 3

3 370 _ -2
d:n:/ de
4 0 0
1 1.2 24
:4/0 (9$3—x5)d$:4|:9 4 6m6:| _ 3

3z
2 4

=D
. 16

25. Compute [[[, e” dV, where

E={(z,y,2) |0<y<1,0<z<y, 0<z<z+y}

Solution: we compute using an iterated integral:

1 ry raty 1 ry L ry
I:/ / / exdzda:dy:/ / [e®2]otY da:dy:/ / e(z+y)drdy
o Jo Jo o Jo o Jo
1 1

- / ety — DI dy = / (e"(2y— 1) — (y— 1)) dy

0 0

| S
= 2yey—3ey+y—] =——e. O
2], 2

26. Compute [[[, zzdV, where E is the pyramid with vertices (0,0, 0), (0, 1,0), (1,1,0) and
(0,1, 1).
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Solution: we can define E by

E:{(x’%z)’OSySl;OSZSQ,Ongy—Z}

Thus,
y—=z v 1
///wde /// xzdxdzdy—//z(y—z)dezdy
0
1y, 2 1,]Y 1oty 1
= — d = - d - . D
2/0[2y 3yz+4z]0y 24 J, ¥ YT 120

27. Let W be a three-dimensional solid. Its volume can be computed by the following iter-

ated integral:
2 2 pd—r?
= / / / rdzdrdf.
o Jo Jo

Solution: the volume integral is given in cylindrical coordinates, so

Find W and V/(W).

W={(r0,2)]0<0<2r,0<r<2 0<2<4—7r%).

In Cartesian coordinates, the solid lies under the paraboloid z = 4 — 22 — y? and
above the disk 22 + y? < 4 in the zy-plane.

Moreover,

27 4—r2 2
/ // rdzdrde_/ / m‘” dr df
2T 21T r 21
/ / —r)drd@—/ [—+2r] d9—/ 4df =8x. O
0 4 0 0

28. Let W be a three-dimensional solid. Its volume can be computed by the following iter-

ated integral:
w/3  p2n psecy
/ / / p*sinpdpdf d.
0 o Jo

Solution: the volume integral is given in spherical coordinates, from which we can
conclude that

Find W and V/(W).

W={(p.0,0) |[0<p<7/3,0<0<2m, 0= p<secp}.

When p = secy, we have z = pcosp = secpcosp = 1, so this solid is the part of
the cone 2z = % /22 + y?2 lying below the plane z = 1.
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Its volume is

w/3 2w  psecp /3 2w pg secy
:/ / / pQSingodpdeg0:/ / [singp} do dy
w/3 2T 7r/3
/ / Zsec psinpdfdp = / ?sec gpsmcpdap—{
0

However, you do know how to compute the volume of a cone when the height and
the radius are known: V' = %wrzh. How does that compare to your answer? U

= T.

5 Sec ap} "

29. Compute [[[,(2® +y* + 2*) dV, where B is the unit ball 2% 4 y* + 2* < 1.
Solution: in spherical coordinates, the region can be written as
B={(p,0,0)|0<p<1,0<60< 27, 0< <7},

with p? = 2?2 + 32 + 22, whence

1 2 ™
I:///(x2+y2+22)dV:/ / / p? - p*sinpdpdddp
2m 2
// / ptsinpdedd dp = // —pt coscp d9dp
2m 4
/ / 2p*d0 dp = / drptdp = An [p] -7 O
5], 5

\/9 y2 \/18 z2—y?
/ / / (2 +y* + 2%) dz dw dy.
x2+y

Solution: the volume of integration is defined by the solid lying above the disk of
radius 3 in the first quadrant of the zy-plane and bounded by the cone 2% = 22 + 32
and the sphere 22 + 42 + 22 = 18. In spherical coordinates, the region becomes

30. Evaluate

{(Pa&@)’oﬁpﬁ\/ﬁ,Ogegg,ogwgg},

with p? = 22 4+ y? + 22, whence

V18 pm/2 pm/4
I:/ / / p? - p?sinpdpdf dp
0 0
V18 w/2 /
/ / / ptsinpdpdddp = / / —p cosgp df dp
0 0 0

V18 V18 o
/ (1 — cos(m/4)) p*df dp = / 0 (1 — cos(w/4)) p* dp
0 0
5]\/E

_ | p T 5/2
=|=(1- 4)) — 1-— 1 . ([l
[2( cos(m/4)) E 10( cos4> 8

0
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31. Compute the volume of the solid bounded by the cone z = /22 + y? and the sphere of
radius a > 0 whose center is located at the origin.
Solution: let

A={(z,y,2) |2? +y* + 2> < a*and 2 > /22 + 42}

If (x,y,2) € A, then
22 <2<a?— (22 14,

2
whence 22 + y? < %-. Denote

We then have

A={(z,y,2) | (x,9) € C, Va2 +12 < z < Ja? — (a2 +y2)},

and so

Vol(A)—///A da:dydz—//c <\/a2—(a;2+y2)—\/$2+y2) dx dy

a/V2 pm 2ma’ 1
_ a2 2 - ... = _
/0 /W< a T r)rd@dr 3 (1 \/§) O

32. Compute the volume of the solid bounded by the paraboloids z = 10 — 2? — y? and
z=2(x? +y* - 1).

Solution: let
A=A{(z,y,2) | 2(a* + ¢ —1) <2 <10 —a® —¢*}.
If (x,y, z) € A, then 22 + y? < 4. Denote
B ={(z,y) | 2* +y* < 4}.
We then have
A={(z,y,2) | (z,y) € B, 2(2” +y* = 1) < 2 < 10— 2” —y?},

and so

VO](A):///A dz:dydz://B ((10 — 2 — ) — 2(2* + y* — 1)) da dy
:3//B(4(xhy2)) da:dy:3/02/_:(4r2)rd0dr:-~:247r. O
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33. Let T be the triangle with vertices (0, 0), (0, 1) and (1, 0). Compute

[[ow (252

using

a) polar coordinates;
b) the change of variablesu =y — z,v =y + =.

Solution:

a) Letxz =rcosf,y =rsind. Then
w/2 p(sinf+cos )~ sinf — cos 6

1= = 27 e

// exp< > drdy = / / p<sin0+c059>rdrd9
/2 sin@ — cos 6 sin f+-cos @)1
_/0 exp (51n0—|—c059> (/0 rdr | do

1/“/2 sinf — cos 6 1 2
2 Jo sin ¢ + cos 6 sinf + cos ¢

sin #—cos 0 2
Sett = Sinf+cosd" Then dt = W d9, SO

b) Lety = }(u-+v)andz = }(u — u). Then \det S| =

/ / exp du dv,

where 7" is the triangle in the uv-plane with vertices (0,0), (—1,1) and (1, 1).

Thus,
e—e
// exp dudv— = 1 U

34. Compute the area of the planar region bounded by y = 22,y = 22% x = y* and x = 33>

Solution: denote the region in question by D and set u = $% and v = y% Then
(z,y) € Difand only if (u,v) € R, where R is the rectangle defined by
1<u<?2, 1<v <3

Let ¢ : D — R be defined by ¢(z,y) = (u,v). Then

11
|J@(£L', y)| 3u2v2'

3
Jo(x,y) = det Dp(z,y) = 22 = 3u?v?, ‘Jso—l(ua U)‘ -

Consequently,

Area(D)—// dx d —//1dudv—1/2/31dvdu— _1 O
I v= R 3uv? 3 ) i uPe? 9
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35. For what values of £ € R does the integral

// dx dy
w24y2<1 (24 y?)F

converge? For each such £, find the value to which it converges.

Solution: first, note that

// dx dy ~ lim // dx dy
22+12<1 (JU +?) e=0 [ Joacar 2 (7 +y)

In polar coordinates,

2w 1
// _dndy / / L dpar = / i
£2§x2+y2<1 22 —|—y e

Thenlim._, fsl r~(k=1) dr existsifand only if 2k—1 < 1,thatis, k < 1. Furthermore,
Ldr 1 g2(1=k)
/E P21 T 91— k) 2(1—k)’
dx dy T
= hen k < 1.0J
//z2+y2§1 (2 +yHF 1-k when

36. Find the volume of the solid bounded by the interior of the sphere 22 + y? + 2% = 24>
and the interior of the cylinder 22 + y? = a2, a > 0.

and so

Solution: let V be the volume sought. Set
B ={(z,y) | 2* +y* < a®}.
We have

a 2w
V:2// \/2a2—(x2+y2)dxdy:2/ / V2a? —r2rdfdr
0 JO
—471'/ V2a2 —rirdr=-.-= (23/2—1>a3. O

il
3
37. Find the volume of the solid bounded by the interior of the cone 2> = 2 + 3? and the

paraboloid z = 6 — 2% — ¢

Solution: let V be the volume sought. The two surfaces intersect where r = 6 — 12,
thatis, atr = 2. Set
B={(z,y) | 2* +y* < 4}.

On B, the paraboloid lies above the (upper) cone, so

v—//B (6 (@ +9%) — Va2 + 42 dxdy—/OQ/O%(G—r2—r)rd0dr

2
2
:27r/(6—7"2—7’)7’dr:---:37T. O
0 3
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38. Find the volume of the solid bounded by the plane z = 3z + 4y and the paraboloid
2= 2%+ 92

Solution: the intersection of the paraboloid and the plane is

{(z,y,2) | 3¢+ 4y = 2 = 2> + ¢*}.

The set
D ={(z,y) |3z +4y = 2 + y*}

is the circle of radius % centered at (%, 2). For every (z,y) € D, we have 22 + y? <

3z + 4y. Thus the volume is

V://D (3 + 4y — (2% + %)) dx dy.

Using the change of variables

3
x:§+rc050, y=2+rsinf,

we obtain
2 2 5 2 5
3x+4y—(:€ —l—y):Z—T, 0§T§§, 0<6<2m,
SO
2 15/2 /9 9 1 .1%/? 2
V:/ / 75*7“2 rdrdf = 2w 757«2f7r4 wﬂ
0 0 4 8 4 o 32
Exercises

1. Prepare a 2-page summary of this chapter, with important definitions and results.

2. Let G be a o —algebra. Show that
a) Al,AQ,...,An,... €6 = ﬂnzlAn € 6,
b) ABe6G —= ANB°e G, and
c) 9,R" € G.
3. Complete the proof of Lemma 291.1.
4. Compute [[ s1(z,y)dzdyand [[ so(x,y) dz dy in the example of Section 21.3.

5. In the example of Section 21.3, show that:

a) for1 <i < 2", wehave Area(A?) = L (i — 1);
b) for2" +1 <i < 2"*!, we have Area(A?) = & (2" —i— 3).
Analysis and Topology Course Notes

546



CHAPTER 21. BOREL-LEBESGUE INTEGRATION

6.
7.
8.
9.
10.

11.
12.

13.
14.

15.

16.

Complete the proof of Corollary 294.
Is the converse of the third solved problem (Borel-Lebesgue integration on R") true?
Let f : R* — R be a Borel function and d € R. Show that {z € R? | f(z) < d} € B(R?).
Complete the proof of Proposition 289 for f + g and fg.
Show that if g : R? — R and
{z € R?| g(2) < d} € B(R?)
for all d € R, then g is a Borel function.
Show that Q? is dense in R? but that Area(Q?) = 0.

Show thatV,, = {f : R® — R | f finite, Borel, integrable} is a vector space and that the
Borel-Lebesgue integral is a linear functional over V,..

Complete the proof of Theorem 301.
Let f : R? — R be defined by f(z) = exp(—||z||?). Find a sequence of simple functions
0<s5 <85 <...<s5, < f

for which s,,(z) — f(z) for all = € R2. Can you use the sequence to compute [ f dm? If
so, do so.

Let f : R? — R be defined by

f(z) = {:c2 —|—y2 if (z,y) € [0,1] x [0, 1]

0 otherwise
Find a sequence of simple functions
0<s51<s5<...<s, < f

for which s,,(z) — f(z) for all = € R?. Can you use the sequence to compute [ f dm? If
so, do so.

Let f : R? — R be defined by

2?2+ ifa? 4+t <1
o

0 otherwise
Find a sequence of simple functions
0<s5<s5<...<s, < f

for which s,,(z) — f(z) for all = € R?. Can you use the sequence to compute [ f dm? If
so, do so.
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17.

18.
19.
20.
21.
22.

23.

24,

25.

26.
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EXERCISES

Let f : R? — R be defined by

rhy+z if(2y,2) € [0,1] x [0,1] x [0,1]
f(z) = :
0 otherwise
Find a sequence of simple functions
0<s5<s5<...<s, < f

for which s,,(z) — f(z) for all = € R®. Can you use the sequence to compute [ f dm? If
so, do so.

Give a proof of the Lebesgue monotone convergence theorem.

Prove Theorem 300.

Show that U(r,#) = (z,y) is a diffeomorphism between U and V for polar coordinates.
Show that | Jy (r, ¢, 0)| = r?sin ¢ for spherical coordinates.

What is the volume of the solid defined by the intersection of the two cylinders 2%+ 2% =
landy? + 22 = 1?

What is the volume of the solid () directly above the region bounded by 0 < z» < 1,
1 <y < 2inthe xy—plane and below the plane 2 =4 — x — y?

Evaluate the integral [ [ #*y dx dy where D is the region bounded by the curves y =
and x = 3?2 in the first quadrant.

Let f, fi : I — R be two continuous functions for which f; < f. If

A={(z,y) eR?| fi(z) <y < f(z)},

show that

[ty deay - / (h(@) — f(x)) de.

Can you use this result to show that

Graph(f) = {(z, f(z)) |z € I}
has 2D measure 07?

The Gamma and Beta functions are defined by
I'(z) = / t*le7tdt, forz >0
0
1
B(z,y) = / " 11—ty tdt, forxz >0,y >0
0

Show that the following properties hold:
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d) T(3) = v T(3) =17
e) B(x,y) =2 [7"* cos> 1 gsin> 1 9df, (x> 0,y >0);
f) Bz,y) = $5%, (2> 0,y >0),
27. Find the volume of the solid bounded by the interior of each of the cylinders 2% +y? = a?,
2+ 22 =d*andy* + 22 = a% a > 0.
28. Let S be the sphere of radius @ > 0 centered at (0, 0, a). Show that [[[; 2* dz dy dz = Sma®.
29. Compute [[[ e~ @42 do dy d.
30. Show that S* = {(x,y) | #* + y* = 1} has 2D measure 0.

31. Show that every countable subset of R? has 2D measure 0.

In the following exercises, m/( - ) denotes the Borel measure on R” introduced in this chap-
ter (length, area, volume), and B(R") denotes the Borel o-algebra. The aim is to show the
existence of a non-measurable set.

32. Let (A;);>1 be pairwise disjoint Borel subsets of R” and set A = |_| A;. Foreach N > 1,
=1
define the simple function sy = x4, + -+ 4+ Xa,-

a) Show that (sy) is monotonically increasing and that sy — x4 pointwise.

b) Use the monotone convergence theorem (Theorem 293) to prove
m(A):/XAdm: lim [ sydm.
N—00

[e.9]

c) Conclude that m <|_| A,») = Z m(A;).
i=1

i=1
33. Fixa € R" and define the translation map 7, : R* — R" by 7,(z) = = + a.

a) Show that 7, is a C'* diffeomorphism and that |.J,, | = 1.

b) Using the change of variables theorem (Section 21.7), prove that for every positive
Borel function f,

. f(x)dm(z) = f(z + a)dm(z).

R

c) Apply thisto f = y g to show that for every Borel set F/, we have m(E+a) = m(E).
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34. Let E € B(R") and a € R™.

a) Showthat £+ a = 7,(E) € B(R").
b) Conclude that if £ is Borel, then so is every translate £ + ¢ with ¢ € Q™.

35. On [0, 1], define x ~ y ifand only ifz — y € Q.

a) Prove that ~ is an equivalence relation.

b) Prove that each equivalence class is countable.

36. Assume the axiom of choice (crucial)."® Show that there exists a set V' C [0, 1] such
that V' contains exactly one representative from each equivalence class of ~.

37. For ¢ € QN [—1,1], define
Vi=V4+g={v+qlveV}
Show thatif ¢ # ¢/, then V, NV, = @.
38. Let @ = QN [—1, 1] and define

U=Jv.

q€Q
a) Show that[0,1] C U.
b) Show thatU C [-1,2].
39. Assume that V' € B(R).

a) Use Exercise 34 to show that each V, is Borel, hence U is Borel.
b) Use Exercise 33 to show that m(V,) = m(V) for every q € Q.

c) Use Exercise 32 and Exercise 37 to prove

m(U) =>_ m(V).

q€Q
d) Use Exercise 38 to deduce the bounds
1 =m([0,1]) < m(U) < m([~1,2]) = 3.

e) Conclude that m(V') cannot be 0 and cannot be positive, and so that V' ¢ B(R),
which is a contradiction. Conclude that there exists a subset of [0, 1] which is not
Borel (hence is not measurable in the sense of this chapter).

19Given any collection {A;};c; of nonempty sets, there exists a choice functionc : I — ;s Ai such that
c(i) € A; for every i € I. Equivalently, one can select one element from each set A;, even when [ is infinite.
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