
Chapter 22

Supplemental Analysis Results

In this chapter, we collect a set of supplementary results that can be used
to streamline proofs and to broaden the range of applications of Part II.
Many existence, uniqueness, and approximation statements can be re-
duced to structural principles: completeness (Banach ϐixed point), du-
ality (bounded linear functionals), extension (Hahn-Banach), generic-
ity (Baire category), compactness in function spaces (Arzelà-Ascoli), ap-
proximation by simple families (Stone-Weierstrass), and orthogonality in
inner product spaces (Hilbert spacemethods). We endwith two classical
local theorems in multivariable analysis (inverse and implicit function
theorems) and an application to initial value problems.

22.1 The Banach Fixed Point Theorem

Contractions And Complete Metric Spaces
Let (X, d) be a metric space. A map T : X → X is called a contraction if there exists a
constant q ∈ (0, 1) such that

d
(
T (x), T (y)

)
≤ q d(x, y) for all x, y ∈ X.

The constant q is called a contraction factor (or contraction constant).

aaaaaa

Examples

1. Let (Rn, ∥ · ∥) be equipped with the metric d(x, y) = ∥x − y∥ (any norm). Fix
q ∈ (0, 1) and deϐine T (x) = qx. Then

d(T (x), T (y)) = ∥qx− qy∥ = q∥x− y∥ = q d(x, y),

so T is a contraction with contraction factor q.
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aaaaaa

2. On (R, | · |), ϐix a ∈ Rwith |a| < 1 and b ∈ R, and deϐine

T (x) = ax+ b.

Then

|T (x)− T (y)| = |a| |x− y| ≤ q |x− y| with q = |a| ∈ (0, 1),

so T is a contraction. □

3. Let (X, d) be any metric space and ϐix x0 ∈ X . Deϐine T (x) = x0 for all x ∈ X .
Then

d(T (x), T (y)) = d(x0, x0) = 0 ≤ q d(x, y)

for every q ∈ (0, 1), so every constant map is a contraction.

4. On ([0, 1], | · |) deϐine
T (x) =

x2

3
.

For x, y ∈ [0, 1],

|T (x)− T (y)| = 1

3
|x2 − y2| = 1

3
|x− y| |x+ y| ≤ 2

3
|x− y|.

Thus T is a contraction with factor q = 2
3
.

5. LetX = C([0, 1])with ∥f∥∞ = supt∈[0,1] |f(t)| and let d(f, g) = ∥f − g∥∞. Fix
λ ∈ Rwith |λ| < 1 and deϐine

(Tf)(t) = λ

∫ t

0

f(s) ds.

Then for all f, g ∈ X ,

∥Tf − Tg∥∞ = sup
t∈[0,1]

∣∣∣∣λ∫ t

0

(f − g)(s) ds
∣∣∣∣ ≤ |λ| sup

t∈[0,1]

∫ t

0

|(f − g)(s)| ds

≤ |λ| sup
t∈[0,1]

∫ t

0

∥f − g∥∞ ds ≤ |λ| ∥f − g∥∞.

So T is a contraction with factor q = |λ|.

6. On (0,∞) deϐine d(x, y) = | ln x− ln y|. Fix a ∈ (0, 1) and set T (x) = xa. Then

d(T (x), T (y)) = | ln(xa)− ln(ya)| = a| ln x− ln y| = a d(x, y),

so T is a contraction with factor q = a.
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Remark: ifX has the discrete metric d(x, y) = 1 for x ̸= y, then the only maps T : X → X
that are contractions are the constant maps (otherwise one would have

1 = d(T (x), T (y)) ≤ qd(x, y) ≤ q < 1

for some x ̸= y).

Every contraction is Lipschitz (see exercises), hence uniformly continuous (see Chapter 3).

Existence, Uniqueness, and Iterative Convergence

aaaaaa

Theorem (BĆēĆĈč FĎĝĊĉ PĔĎēę TčĊĔėĊĒ)
Let (X, d) be a complete metric space and let T : X → X be a contraction with factor
q ∈ (0, 1). Then T has a unique ϔixed point x∗ ∈ X , and for every x0 ∈ X , the iterates
xn+1 = T (xn) converge to x∗.

Proof: this is the content of Theorem 114, applied to (X, d) and T . ■

Quantitative Error Bounds

aaaaaa

Corollary 303 (A PėĎĔėĎ EėėĔė BĔĚēĉ)
With the hypotheses of the Banach ϔixed point theorem, the iterates satisfy

d(xn, x∗) ≤
qn

1− q
d(x1, x0) for all n ≥ 0.

Proof: as in the proof of Theorem 114, the iterates satisfy

d(xk+1, xk) ≤ qk d(x1, x0) for all k ≥ 0.

Fix n ≥ 0. Using the triangle inequality and the convergence xk → x∗,

d(xn, x∗) ≤
∞∑
k=n

d(xk+1, xk) ≤ d(x1, x0)
∞∑
k=n

qk =
qn

1− q
d(x1, x0),

which completes the proof. ■

aaaaaa

Corollary 304 (A PĔĘęĊėĎĔėĎ EėėĔė BĔĚēĉ)
With the hypotheses of the Banach ϔixed point theorem, the iterates satisfy

d(xn, x∗) ≤
1

1− q
d(xn+1, xn) for all n ≥ 0.
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aaaaaa

Proof: as in the proof of Theorem 114, we have

d(xn+k+1, xn+k) ≤ qk d(xn+1, xn) for all k ≥ 0.

Hence

d(xn, x∗) ≤
∞∑
k=0

d(xn+k+1, xn+k) ≤ d(xn+1, xn)
∞∑
k=0

qk =
1

1− q
d(xn+1, xn),

which completes the proof. ■

aaaaaa

Example: Consider the equation x = cosx on R. Let T (x) = cosx and consider
the interval X = [0, 1]. Since cos([0, 1]) ⊆ [cos(1), 1] ⊆ [0, 1], we have T (X) ⊆ X .
Moreover, for all x, y ∈ X , the mean value theorem gives

|T (x)− T (y)| = | cosx− cos y| = | sin(ξ)| |x− y| ≤ sin(1) |x− y|

for some ξ between x and y. Hence T is a contraction onX with factor q = sin(1) ∈
(0, 1). Since (X, | · |) is complete, the Banach ϐixed point theorem implies that there
is a unique x∗ ∈ X such that x∗ = cos(x∗), and that the iteration xn+1 = cos(xn)
converges to x∗ for every x0 ∈ X . The a posteriori bound (Corollary 304) can be
used to certify an accuracy target once |xn+1 − xn| is small. □

22.2 Normed Spaces, Linear Functionals, and Duality
A normed vector space is a vector spaceX over K equipped with a map ∥ · ∥ : X → [0,∞)
satisfying

∥x∥ = 0⇐⇒ x = 0, ∥αx∥ = |α| ∥x∥, ∥x+ y∥ ≤ ∥x∥+ ∥y∥.

The norm induces a metric d(x, y) = ∥x− y∥.

Let X,Y be normed vector spaces over K and let T : X → Y be linear. We say that T is
bounded if there existsM ≥ 0 such that

∥T (x)∥ ≤M∥x∥ for all x ∈ X.

The smallest suchM is the operator norm of T , denoted by

∥T∥op = sup
∥x∥≤1

∥T (x)∥ = sup
x ̸=0

∥T (x)∥
∥x∥

.

By Theorem 140, for linear maps between normed spaces, boundedness is equivalent to con-
tinuity (and to continuity at 0).

We denote by Lc(X,Y ) the vector space of all continuous linearmaps fromX to Y .
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Linear Functionals, The Dual Space, and Completeness
A linear functional on a normed space X is a linear map φ : X → K. The space of all
bounded linear functionals is the dual spaceX∗, equipped with the norm

∥φ∥ = sup
∥x∥≤1

|φ(x)|.

Equivalently,X∗ = Lc(X,K).

aaaaaa

Proposition 305
For every normed spaceX , the dual space (X∗, ∥ · ∥) is a Banach space.

Proof: since X∗ = Lc(X,K) and (K, | · |) is a Banach space, Theorem 141
implies that Lc(X,K) is Banach. Hence (X∗, ∥ · ∥) is complete. ■

aaaaaa

Example.

1. IfX is ϐinite-dimensional, then every linear functional φ : X → K is bounded
(hence continuous). This follows from Corollary 143.

2. If K is compact and X = C(K) with ∥f∥∞ = supt∈K |f(t)|, then for each
x ∈ K , the evaluation functional δx : C(K) → K deϐined by δx(f) = f(x)
satisϐies

|δx(f)| ≤ ∥f∥∞ for all f ∈ C(K),

and therefore ∥δx∥ ≤ 1. Moreover, ∥δx∥ = 1 since δx(1) = 1 and ∥1∥∞ = 1, for
the constant function 1(x) ≡ 1. □

Finite-Dimensional Norm Equivalence
The equivalence of all norms in ϐinite-dimensional spaces, as well as its standard consequen-
ces, are established in Proposition 142 and Corollaries 143-146. In particular, in ϐinite di-
mension all norms induce the same notion of convergence and continuity, every linear map
is continuous, every ϐinite-dimensional normed space is complete, and compactness is char-
acterized by closedness and boundedness.

22.3 The Hahn-Banach Theorem
A function p : X → R on a real vector spaceX is sub-linear if for every x, y ∈ X , we have

p(x+ y) ≤ p(x) + p(y) and p(αx) = αp(x) for all α ≥ 0.
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aaaaaa

Examples

1. If (X, ∥ · ∥) is a normed vector space, then p(x) = ∥x∥ is sub-linear thanks
to the triangle inequality. More generally, any semi-norm q : X → [0,∞) is
sub-linear.

2. If φ1, . . . , φm : X → R are linear, then

p(x) = max
1≤i≤m

{φi(x)}

is sub-linear. Likewise, if F is a non-empty family of linear functionals such
that p(x) = supφ∈F φ(x) ∈ R for all x ∈ X , then p is sub-linear.

3. OnX = R, the function

p(t) = t+ = max{t, 0}

is sub-linear.

4. LetC ⊆ X be convex, with0 ∈ C and so that for each x ∈ X there exists λ > 0
with x ∈ λC = {λz | z ∈ C}. Deϐine theMinkowski functional on C by

pC(x) = inf{λ > 0 | x ∈ λC}.

Then pC : X → [0,∞) is sub-linear. □

The next result is a step on the way to the general Hahn-Banach Theorem.

aaaaaa

Lemma 306 (OēĊ-DĎĒĊēĘĎĔēĆđ EĝęĊēĘĎĔē)
Let X be a real vector space, let p : X → R be sub-linear, let Y < X be a subspace,
and let φ0 : Y → R be linear with φ0(y) ≤ p(y) for all y ∈ Y . If x0 ∈ X \ Y ,
then there exists a linear map φ1 : Y + span{x0} → R such that φ1|Y = φ0 and
φ1(x) ≤ p(x) for all x ∈ Y + span{x0}.

Proof: set Y1 = Y + span{x0}. Every x ∈ Y1 can be written uniquely as
x = y+ tx0 with y ∈ Y and t ∈ R. We look for an extension of the form

φ1(y+ tx0) = φ0(y) + tα

for some α ∈ R. The condition φ1 ≤ p on Y1 is equivalent to requiring, for all y ∈ Y ,

φ0(y) + α ≤ p(y+ x0) and φ0(y)− α ≤ p(y− x0).
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aaaaaa

Equivalently,

α ≤ p(y+ x0)− φ0(y) for all y ∈ Y, α ≥ φ0(y)− p(y− x0) for all y ∈ Y.

Thus it sufϐices to choose α so that

sup
y∈Y

(
φ0(y)− p(y − x0)

)
≤ α ≤ inf

y∈Y

(
p(y+ x0)− φ0(y)

)
.

We check that the left-hand supremum is at most the right-hand inϐimum. Let
y1, y2 ∈ Y . By sub-linearity,

p(y1 + y2) = p
(
(y1 + x0) + (y2 − x0)

)
≤ p(y1 + x0) + p(y2 − x0).

Since φ0 ≤ p on Y and φ0 is linear,

φ0(y1) + φ0(y2) = φ0(y1 + y2) ≤ p(y1 + y2) ≤ p(y1 + x0) + p(y2 − x0).

Re-arranging gives

φ0(y1)− p(y1 + x0) ≤ p(y2 − x0)− φ0(y2).

Taking the supremum over y1 and the inϐimum over y2 yields the desired inequality,
so a well-deϐined α exists. With this choice, φ1 is linear, extends φ0, and satisϐies
φ1 ≤ p on Y1. ■

WecanuseLemma306 repeatedly toprove the ϐinite-dimensional versionof theHahn-Banach
Theorem.

aaaaaa

Theorem 307 (HĆčē-BĆēĆĈč, FĎēĎęĊ-DĎĒĊēĘĎĔēĆđ AēĆđĞęĎĈ FĔėĒ)
LetX be a real vector space of ϔinite dimension, let p : X → R be sub-linear, and let
Y < X be a subspace. If φ0 : Y → R is linear and satisϔies φ0(y) ≤ p(y) for all y ∈ Y ,
then there exists a linear extension φ : X → R such that φ|Y = φ0 and φ(x) ≤ p(x)
for all x ∈ X .

Proof: if Y = X , there is nothing to prove. Otherwise, choose a basis (e1, . . . , ek)
of Y and extend it to a basis (e1, . . . , ek, ek+1, . . . , en) of X . Deϐine Yk = Y and for
j = k + 1, . . . , n set

Yj = Yj−1 + span{ej}.
Starting from φk = φ0 on Yk, apply Lemma 306 successively to extend φj−1 from
Yj−1 to Yj while preserving the domination φj ≤ p. After ϐinitely many steps we
obtain a linear map φn : X → R extending φ0 and satisfying φn ≤ p on X . Take
φ = φn. ■

The inϐinite-dimensional case is a harder to prove, however.

P. Boily (uOttawa) 557



22.3. THE HAHN-BANACH THEOREM

aaaaaa

Theorem 308 (HĆčē-BĆēĆĈč, CđĆĘĘĎĈĆđ FĔėĒ)
Let (X, ∥ · ∥) be a real normed vector space, and let Y < X be a linear subspace.
Assume thatX is separable. If φ0 : Y → R is a bounded linear functional, then there
exists a bounded linear functional φ : X → R such that φ|Y = φ0 and

∥φ∥ = ∥φ0∥.

Proof: left as an exercise. ■

Applications
Theorem 308 is one of the main tools for showing that a normed space has “enough” contin-
uous linear functionals. Here are some standard applications.

aaaaaa

Corollary 309 (NĔėĒĊĉ-SĕĆĈĊ EĝęĊēĘĎĔē)
Let X be a real normed space and Y ⊆ X a subspace. If φ0 ∈ Y ∗, then there exists
φ ∈ X∗ such that φ|Y = φ0 and ∥φ∥ = ∥φ0∥.

Proof: letM = ∥φ0∥. Deϐine p(x) =M∥x∥, which is sub-linear. For y ∈ Y ,

φ0(y) ≤ |φ0(y)| ≤M∥y∥ = p(y).

Apply Theorem 308 to obtain an extension φ : X → R with φ ≤ p. Then for all
x ∈ X ,

|φ(x)| ≤ p(x) =M∥x∥,

so φ is bounded and ∥φ∥ ≤ M . Since φ extends φ0, we also have ∥φ∥ ≥ ∥φ0∥ = M .
Hence ∥φ∥ =M . ■

aaaaaa

Proposition 310 (NĔėĒĎēČ FĚēĈęĎĔēĆđ Oē A LĎēĊ)
LetX be a real normed space and x ∈ X , x ̸= 0. Then there exists φ ∈ X∗ such that
∥φ∥ = 1 and φ(x) = ∥x∥.

Proof: let Y = span{x} and deϐine φ0 : Y → R by φ0(αx) = α∥x∥. Then

|φ0(αx)| = |α| ∥x∥ = ∥αx∥,

so ∥φ0∥ = 1 on Y . By Corollary 309, φ0 extends to φ ∈ X∗ with ∥φ∥ = 1. In
particular, φ(x) = φ0(x) = ∥x∥. ■

A subset C of a real vector spaceX is called convex if for all x, y ∈ C and all t ∈ [0, 1],
tx+ (1− t)y ∈ C.

aaaaaa
Theorem 311 (SĊĕĆėĆęĎĔē Oċ A PĔĎēę FėĔĒ A CđĔĘĊĉ CĔēěĊĝ SĊę)
Let X be a real normed space, let C ⊆ X be non-empty, closed, and convex, and let
x0 /∈ C . Then there existφ ∈ X∗ and α ∈ R such that φ(x) ≤ α < φ(x0) for all x ∈ C.
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aaaaaa

Proof: let d = dist(x0, C) = infx∈C ∥x0 − x∥. Since C is closed and x0 /∈ C , we have
d > 0. Consider the translated setD = C − x0 = {x− x0 | x ∈ C}. Then 0 /∈ D,D
is closed and convex, and dist(0, D) = d.

Fix r = d
2
and setD = C − x0. ThenD is closed and convex, 0 /∈ D, and

B(0, r) ∩D = ∅ since inf
z∈D
{∥z∥} = dist(0, D) = d > r.

Deϐine the “thickened” set

U := D +B(0, r) = {z+ b | z ∈ D, b ∈ B(0, r)}.

Then U is non-empty, open, and convex, and 0 /∈ U . Indeed, if 0 ∈ U then 0 = z+ b
for some z ∈ D and b ∈ B(0, r), hence ∥z∥ = ∥b∥ < r, contradicting ∥z∥ ≥ d for all
z ∈ D.

Choose u1 ∈ U and set V := U − u1. Then V is open, convex, and contains
0. Moreover −u1 /∈ V , because −u1 ∈ V would imply 0 ∈ U . Also B(0, r) ⊆ V
sinceB(0, r) ⊆ U and u1 ∈ U .

Consider the Minkowski functional of V deϐined by

p(v) := inf{λ > 0 | v ∈ λV }.

Then p is ϐinite on X , sub-linear, and satisϐies p(v) < 1 for all v ∈ V . (Indeed, if
v ∈ V , since V is open there exists ε > 0 such that (1 + ε)v ∈ V , hence v ∈ 1

1+ε
V

and p(v) ≤ 1
1+ε

< 1.)

On the one-dimensional subspace span{−u1} deϐine

ψ0(t(−u1)) = t p(−u1) (t ∈ R).

Thenψ0 ≤ p on span{−u1}, so byHahn-Banach there exists a linearmapψ : X → R
such that ψ|span{−u1} = ψ0 and ψ ≤ p onX . In particular,

ψ(−u1) = p(−u1) ≥ 1 =⇒ ψ(u1) ≤ −1.

Let u ∈ U . Then u− u1 ∈ V , so p(u− u1) < 1 and therefore

ψ(u) = ψ(u− u1) + ψ(u1) ≤ p(u− u1) + ψ(u1) < 1− 1 = 0.

Hence ψ(u) < 0 for all u ∈ U , and in particular ψ(z) < 0 for all z ∈ D.

Now let z ∈ D and b ∈ B(0, r). Since z + b ∈ U , we have ψ(z + b) < 0,
so

ψ(z) = ψ(z+ b)− ψ(b) < −ψ(b).
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aaaaaa

Taking the supremum over b ∈ B(0, r) yields

ψ(z) ≤ − sup
∥b∥<r

ψ(b) = −r∥ψ∥.

Finally, for x ∈ C we have x− x0 ∈ D, hence

ψ(x)− ψ(x0) = ψ(x− x0) ≤ −r∥ψ∥.

Set α := ψ(x0) − r∥ψ∥. Then ψ(x) ≤ α < ψ(x0) for all x ∈ C , which completes the
proof. ■

22.4 Baire Category Theorem
A subset A of a metric spaceX is nowhere dense ifA has empty interior.

aaaaaa

Examples

1. If A ⊆ R is ϐinite, then A = A and int(A) = ∅ in the standard topology, so A
is nowhere dense.

2. Since Z = Z and int(Z) = ∅ in the standard topology, Z is nowhere dense.

3. Let U ⊆O Rn. Then its boundary ∂U ⊆C Rn has empty interior, so ∂U is
nowhere dense.

4. Let U ⊆O X be non-empty. Then U ⊆ U , so int(U) ⊇ U ̸= ∅ and so U is not
nowhere dense.

5. In the standard topology, we have Q = R, so int(Q) = int(R) = R ̸= ∅. Thus
Q is not nowhere dense.

6. In the standard topologyA ⊆ R contains a non-degenerate interval (a, b), then
(a, b) ⊆ int(A) ⊆ int(A), soA is not nowhere dense. □

A set is of ϐirst category (ormeagre) if it is a countable union of nowhere dense sets.

aaaaaa

Examples

1. R is notmeagre in itself in the standard topology, as a consequence of theBaire
category theorem (Theorem 312).

2. SinceQ ismeagre inR (left as an exercise) andR is notmeagre, its complement
R \Q is not meagre.
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aaaaaa

3. IfA = {a1, a2, . . . }, then

A =
∞∪
n=1

{an},

and each singleton {an} is nowhere dense. Hence A is meagre. In particular,
Q and Z are meagre in R.

4. Let X = C([0, 1]) with ∥ · ∥∞, and let Pn be the subspace of polynomials of
degree ≤ n (viewed as elements of C([0, 1])). Each Pn is ϐinite-dimensional,
hence closed, and has empty interior inX , so it is nowhere dense. Therefore

P :=
∞∪
n=0

Pn

is meagre in X . On the other hand, P is dense in X according to the Weier-
strass approximation theorem (see Section 22.6). □

These concepts lead to the following result.

aaaaaa

Theorem 312 (BĆĎėĊ CĆęĊČĔėĞ TčĊĔėĊĒ)
If (X, d) is a complete metric space, then X is not meagre in itself. Equivalently, if
(Un)n∈N is a sequence of dense open subsets ofX , then

∩∞
n=1 Un is dense inX .

Proof: we prove the dense intersection statement. Let Un be dense and open
in X , and let B(x0, r0) be an arbitrary non-empty open ball. Since U1 is dense,
B(x0, r0) ∩ U1 ̸= ∅. Since U1 is open, we can choose x1 ∈ B(x0, r0) ∩ U1 and r1 > 0
such that

B(x1, r1) ⊆ B(x0, r0) ∩ U1.

Next, since U2 is dense and open, we can choose x2 ∈ B(x1, r1)∩U2 and r2 > 0 such
that

B(x2, r2) ⊆ B(x1, r1) ∩ U2.

Continue inductively, choosing xn ∈ Un and radii rn > 0 so that

B(xn, rn) ⊆ B(xn−1, rn−1) ∩ Un, and rn ≤ 2−n.

Then (xn) is Cauchy: for m > n we have xm ∈ B(xn, rn) by nesting, hence
d(xm, xn) ≤ rn ≤ 2−n. By completeness, xn → x ∈ X . Since the closed balls are
nested and B(xn, rn) ⊆ Un, we have x ∈ Un for every n, hence x ∈ ∩∞

n=1 Un. More-
over, x ∈ B(x0, r0), so

∩∞
n=1 Un intersects B(x0, r0). Since B(x0, r0) was arbitrary,

the intersection is dense. ■

Let’s take a look at a ϐirst important applications.
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Theorem 313 (UēĎċĔėĒ BĔĚēĉĊĉēĊĘĘ PėĎēĈĎĕđĊ)
Let X be a Banach space and Y a normed space. Let (Tn)n∈N ⊆ L(X,Y ), the space
of bounded linear maps fromX to Y . If for every x ∈ X the set {∥Tn(x)∥ | n ∈ N} is
bounded, then

sup
n∈N
{∥Tn∥op} <∞.

Proof: for k ∈ N deϐine

Ek =

{
x ∈ X

∣∣∣∣ sup
n∈N
∥Tn(x)∥ ≤ k

}
.

Each Ek is closed: if xj → x and xj ∈ Ek, then for each ϐixed nwe have

∥Tn(x)∥ = lim
j→∞
∥Tn(x)j∥ ≤ k,

hence x ∈ Ek. By the pointwise boundedness assumption,X =
∪∞

k=1Ek. SinceX is
a Banach space, Theorem 315 implies that someEk0 has non-empty interior. Hence
there exist x0 ∈ X and r > 0 such thatB(x0, r) ⊆ Ek0 . In particular,

sup
n
∥Tn(x)∥ ≤ k0 for all x ∈ B(x0, r).

Let h ∈ X with ∥h∥ ≤ r. Then x0 + h, x0 − h ∈ B(x0, r), so ∀n,

∥Tn(x0 + h)∥ ≤ k0, ∥Tn(x0 − h)∥ ≤ k0.

Subtracting and using linearity,

∥Tn(h)∥ =
1

2
∥Tn(x0 + h)− Tn(x0 − h)∥ ≤ 1

2

(
∥Tn(x0 + h)∥+ ∥Tn(x0 − h)∥

)
≤ k0.

Thus ∥Tn(h)∥ ≤ k0 for all n and all h with ∥h∥ ≤ r. If x ̸= 0 is arbitrary, apply this
with h = (r/∥x∥)x to obtain

∥Tn(x)∥ =
∥x∥
r
∥Tn(h)∥ ≤

k0
r
∥x∥.

Taking the supremum over ∥x∥ ≤ 1 yields ∥Tn∥op ≤ k0/r for all n, hence
supn{∥Tn∥op} <∞. ■

There are other classical applications of Baire’s theorem,; wewill discuss twomore: the open
mapping theorem and the closed graph theorem.

aaaaaa
Theorem 314 (OĕĊē MĆĕĕĎēČ)
Let X,Y be Banach spaces and let T : X → Y be a surjective bounded linear map.
Then T maps open sets to open sets.
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aaaaaa

Proof: letBX(0, 1) be the open unit ball inX . Since T is surjective,

Y =
∞∪
n=1

T
(
BX(0, n)

)
.

Taking closures and using T (BX(0, n)) = nT (BX(0, 1)), we re-write

Y =
∞∪
n=1

nT (BX(0, 1)).

By Theorem 313, some n0T (BX(0, 1)) has non-empty interior. Hence there exists
ρ > 0 such that

BY (0, ρ) ⊆ n0T (BX(0, 1)).

We claim thatBY (0, ρ/2) ⊆ n0T (BX(0, 1)).

Let y ∈ BY (0, ρ/2). Then 2y ∈ BY (0, ρ), so 2y ∈ BY (0, ρ) ⊆ n0T (BX(0, 1)).
Choose u1 ∈ BX(0, n0) such that

∥T (u1)− 2y∥ < ρ

4
.

Set x1 = u1
2
. Then x1 ∈ BX(0, n0) and

∥T (x1)− y∥ = 1

2
∥T (u1)− 2y∥ < ρ

8
.

Deϐine the ϐirst remainder r1 = y− T (x1). Then ∥r1∥ < ρ/8, hence 4r1 ∈ BY (0, ρ).

Now we iterate. Suppose rk has been deϐined and satisϐies 2k+1rk ∈ BY (0, ρ).
Since 2k+1rk ∈ BY (0, ρ) ⊆ n0T (BX(0, 1)), choose uk+1 ∈ BX(0, n0) such that

∥T (uk+1)− 2k+1rk∥ <
ρ

2k+3
.

Set xk+1 =
uk+1

2k+1 and deϐine

rk+1 = rk − T (xk+1).

Then
2k+1rk+1 = 2k+1rk − T (uk+1),

so
∥2k+1rk+1∥ = ∥2k+1rk − T (uk+1)∥ <

ρ

2k+3
.

In particular,

∥rk+1∥ <
ρ

22k+4
=⇒ ∥2k+2rk+1∥ <

ρ

2k+2
< ρ,

so the induction hypothesis holds for rk+1 and the construction continues.
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Now consider the series
∞∑
k=1

xk =
∞∑
k=1

uk

2k
.

Since ∥uk∥ < n0 for all k,
∞∑
k=1

∥xk∥ ≤
∞∑
k=1

∥uk∥
2k

< n0

∞∑
k=1

1

2k
= n0,

so the partial sums form a Cauchy sequence. Because X is Banach, the series
converges inX and its sum satisϐies x ∈ n0BX(0, 1).

Let sN =
∑N

k=1 xk. By construction,

y− T (sN) = rN .

Since ∥rN∥ → 0, we have T (sN) → y. On the other hand, sN → x in X , and T is
bounded hence continuous, so T (sN) → T (x). Therefore T (x) = y. This proves
BY (0, ρ/2) ⊆ n0T (BX(0, 1)).

Consequently, T (BX(0, 1)) contains the open ball BY

(
0, ρ

2n0

)
, so T (BX(0, 1))

is a neighborhood of 0 in Y . Finally, let U ⊆ X be open and let x0 ∈ U . Choose
ε > 0 such that

x0 + εBX(0, 1) ⊆ U.

Then
T (x0) + εT (BX(0, 1)) = T

(
x0 + εBX(0, 1)

)
⊆ T (U),

and εT (BX(0, 1)) is a neighborhood of 0 in Y . Hence T (U) is open, as desired. ■

aaaaaa

Theorem 315 (CđĔĘĊĉ GėĆĕč)
LetX,Y be Banach spaces and let T : X → Y be linear. If the graph

G(T ) = {(x, T (x)) | x ∈ X} ⊆ X × Y

is closed inX × Y , then T is bounded.

Proof: consider X × Y with the norm ∥(x, y)∥ = ∥x∥ + ∥y∥, which makes it
a Banach space. The graph G(T ) is a closed subspace, hence Banach. Deϐine
S : G(T ) → X by S(x, T (x)) = x. Then S is linear, bounded, and bijective. Its
inverse is S−1(x) = (x, T (x)). By Theorem 314, S−1 is bounded, so there exists C
such that

∥x∥+ ∥T (x)∥ = ∥S−1(x)∥ ≤ C∥x∥.

Thus ∥T (x)∥ ≤ (C − 1)∥x∥ for all x, hence T is bounded. ■
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22.5 Function Spaces And Compactness
LetK be a compact metric space. Denote by C(K) the vector space of continuous functions
f : K → R, equipped with the sup norm

∥f∥∞ = sup
x∈K
|f(x)|.

aaaaaa

Proposition 316
(C(K), ∥ · ∥∞) is a Banach space.

Proof: let (fn) be Cauchy in ∥ · ∥∞. Then for each x ∈ K , (fn(x)) is Cauchy
in R, hence convergent. Deϐine f(x) = limn→∞ fn(x). We claim fn → f uniformly.
Fix ε > 0 and chooseN such that ∥fn − fm∥∞ < ε for all n,m ≥ N . Lettingm→∞
gives ∥fn − f∥∞ ≤ ε for all n ≥ N , hence fn → f uniformly. Uniform limits of
continuous functions are continuous, so f ∈ C(K), and completeness follows. ■

A family F ⊆ C(K) is pointwise bounded if for each x ∈ K , the set {f(x) | f ∈ F} is
bounded in R. It is equi-continuous if for every ε > 0 there exists δ > 0 such that for all
f ∈ F and all x, y ∈ K ,

d(x, y) < δ =⇒ |f(x)− f(y)| < ε.

A subset A of a metric spaceX is relatively compact ifA ⊆K X .

InRn, theBolzano-Weierstrass theoremcanbe readas a compactness criterion: boundedness
implies relative compactness, so every bounded sequence has a convergent sub-sequence.
The next result plays an analogous role in spaces of continuous functions.

aaaaaa

Theorem 317 (AėğĊđĆ̀-AĘĈĔđĎ)
Let K be a compact metric space. A subset F ⊆ C(K) is relatively compact in
(C(K), ∥ · ∥∞) if and only if F is pointwise bounded and equi-continuous. Equiva-
lently, every sequence in F has a uniformly convergent sub-sequence.

Proof: (=⇒) Assume F is relatively compact, so its closure is compact in
(C(K), ∥ · ∥∞).

Pointwise boundedness: ϐix x ∈ K . The evaluation map δx : C(K) → R,
δx(f) = f(x), is continuous. Hence δx(F) is compact in R, in particular bounded.
Thus {f(x) | f ∈ F} is bounded.

Equi-continuity: suppose F is not equi-continuous. Then there exist ε0 > 0
and sequences (fn) ⊆ F , (xn) ⊆ K , (yn) ⊆ K such that d(xn, yn)→ 0 but

|fn(xn)− fn(yn)| ≥ ε0 for all n.
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Since K is compact, pass to a sub-sequence so that xn → x and yn → x. By rela-
tive compactness, pass to a further sub-sequence (not re-labeled) so that fn → f
uniformly for some f ∈ C(K). Then

|fn(xn)− f(x)| ≤ |fn(xn)− f(xn)|+ |f(xn)− f(x)| → 0,

and similarly |fn(yn) − f(x)| → 0. Hence |fn(xn) − fn(yn)| → 0, contradicting
|fn(xn)− fn(yn)| ≥ ε0. Therefore F is equi-continuous.

(⇐=) Assume F is pointwise bounded and equi-continuous. Let (fn) be any
sequence in F . Choose a countable dense subset {xj}j≥1 of K (see exercises). For
each ϐixed j, the sequence (fn(xj)) is bounded in R, hence has a convergent sub-
sequence. Using a diagonal sub-sequence argument, we can extract a sub-sequence
(still denoted (fn)) such that for every j, (fn(xj)) converges as n→∞.

We now show that (fn) is Cauchy in ∥ · ∥∞. Fix ε > 0 and choose δ > 0 from
equi-continuity so that d(x, y) < δ implies |f(x) − f(y)| < ε/3 for all f ∈ F .
Since K is compact, it can be covered by ϐinitely many balls of radius δ, say
K ⊆

∪N
ℓ=1B(xjℓ , δ)with xjℓ taken from the dense set.

Because fn(xjℓ) converges for each ℓ, there existsN0 such that for allm,n ≥ N0 and
all ℓ = 1, . . . , N ,

|fn(xjℓ)− fm(xjℓ)| < ε/3.

Now ϐix x ∈ K and choose ℓwith d(x, xjℓ) < δ. Then, form,n ≥ N0,

|fn(x)− fm(x)| ≤ |fn(x)− fn(xjℓ)|+ |fn(xjℓ)− fm(xjℓ)|+ |fm(xjℓ)− fm(x)| < ε.

Taking the supremum over x ∈ K yields ∥fn − fm∥∞ < ε for all m,n ≥ N0, so
(fn) is Cauchy in C(K). Since C(K) is complete, fn converges uniformly to some
f ∈ C(K). Thus every sequence in F has a uniformly convergent sub-sequence,
which is relative compactness (see exercises). ■

Applications
1. A common use of Arzelà-Ascoli is to show that an operator T : C(K) → C(K) is com-

pact by proving that T maps bounded subsets of C(K) into families that are uniformly
bounded and equi-continuous. Classical examples include many integral operators of
the form

(Tf)(x) =
∫
K

k(x, y)f(y) dy,

with continuous kernels k.

2. In Peano-type existence proofs, we construct a sequence of approximate solutions (for
instance, Eulerpolygonal approximations) that is uniformlyboundedandequi-continuous
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on a compact time interval. Arzelà-Ascoli yields a uniformly convergent sub-sequence,
and one then passes to the limit to obtain a solution.

3. When minimizing a functional over a class of continuous functions, we often show that
a minimizing sequence is uniformly bounded and equi-continuous. Arzelà-Ascoli then
provides auniformly convergent sub-sequence, andadditional hypotheses (suchas lower
semi-continuity) allow us to conclude that the limit is a minimizer.

4. If F ⊆ C1([a, b]) is uniformly bounded and the derivatives {f ′ | f ∈ F} are uniformly
bounded, thenF is equi-continuous. Arzelà-Ascoli implies thatF is relatively compact
in C([a, b]) (with the sup norm). This idea is a basic compactness tool in analysis and
partial differential equations

22.6 Weierstrass Approximation Theorem
Dense subsets A ⊆ C(K) of (“simple”) families of functions can be used to approximate
much more complicated ones. For instance, the set of polynomials in one variable over the
interval [a, b] is dense in the set of continuous functions C([a, b])with respect to ∥ · ∥∞.

aaaaaa

Theorem 318 (WĊĎĊėĘęėĆĘĘ AĕĕėĔĝĎĒĆęĎĔē TčĊĔėĊĒ)
Let f : [a, b]→ R be continuous. For every ε > 0 there exists a polynomial p such that

∥f − p∥∞ = sup
x∈[a,b]

|f(x)− p(x)| < ε.

We ϐirst prove the theorem on [0, 1], then transfer it to [a, b] by an afϐine change of variables.
Our proof will make use of the Bernstein polynomials. For f ∈ C([0, 1]), the Bernstein
polynomial indexed by n in x is

Bn(f)(x) =
n∑

k=0

f
(k
n

)(n
k

)
xk(1− x)n−k, x ∈ [0, 1].

Note that degBn(f)(x) ≤ n for all f ∈ C([0, 1]).

aaaaaa

Lemma 319
For every x ∈ [0, 1],

n∑
k=0

(
n

k

)
xk(1− x)n−k = 1,

n∑
k=0

(k
n
− x
)2(n

k

)
xk(1− x)n−k =

x(1− x)
n

.

Proof: left as an exercise. ■
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Examples: when necessary, we let X ∼ B(n, x), x ∈ [0, 1]. Then E[X] = nx,
E[X2] = n2x2 + nx(1− x), and E[X3] = n3x3 + 3n2x2(1− x) + nx(1− x)(1− 2x)

1. If f(t) ≡ 1, then

Bn(f)(x) =
n∑

k=0

1 ·
(
n

k

)
xk(1− x)n−k = (x+ (1− x))n = 1.

2. If f(t) = t, then

Bn(f)(x) =
n∑

k=0

k

n

(
n

k

)
xk(1− x)n−k =

1

n
E

[
X

n

]
=

1

n
· nx = x.

3. If f(t) = t2, then

Bn(f)(x) = E

[(
X

n

)2
]
=

1

n2
E[X2] = x2 +

x(1− x)
n

.

For instance,
B4(t

2)(x) = x2 +
x(1− x)

4
=

3

4
x2 +

1

4
x.

4. If f(t) = t3, then

Bn(f)(x) = E

[(
X

n

)3
]
= x3 +

3

n
x2(1− x) + 1

n2
x(1− x)(1− 2x).

For instance,
B3(t

3)(x) =
1

9
x+

2

3
x2 +

2

9
x3.

5. If f(t) = t(1− t) = t− t2, then

Bn(f)(x) = Bn(t)(x)−Bn(t
2)(x) = x−

(
x2 +

x(1− x)
n

)
=

(
1− 1

n

)
x(1−x).

6. If f(t) = et, then using the binomial generating functionE[sX ] = (1−x+xs)n,
we have:

Bn(f)(x) = E
[
eX/n

]
= E

[(
e1/n

)X]
= (1− x+ xe1/n)n.

For instance,
B4(e

t)(x) = (1− x+ xe1/4)4.
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aaaaaa

7. If f(t) = sin(πt) and n = 4, then using the values

sin(0) = 0, sin
(π
4

)
=

√
2

2
, sin

(π
2

)
= 1, sin

(
3π

4

)
=

√
2

2
, sin(π) = 0

yields

B4(f)(x) =
4∑

k=0

sin(kπ/4)
(
4

k

)
xk(1−x)4−k = 4·

√
2

2
x(1−x)3+6x2(1−x)2+4·

√
2

2
x3(1−x).

Expanding, we get:

B4(sinπt)(x) = 2
√
2x+ (6− 6

√
2)x2 + (−12 + 8

√
2)x3 + (6− 4

√
2)x4.

8. If f(t) =
√
t and n = 3, then using the values

f(0) = 0, f
(
1
3

)
=

√
3
3
, f

(
2
3

)
=

√
6
3
, f(1) = 1

yields

B3(f)(x) =
3∑

k=0

√
k/3

(
3

k

)
xk(1−x)3−k = 3 ·

√
3
3
x(1−x)2+3 ·

√
6
3
x2(1−x)+x3.

Expanding, we get

B3(
√
t)(x) =

√
3x+ (−2

√
3 +
√
6)x2 + (1 +

√
3−
√
6)x3.

9. If f(t) = log(1 + t) and n = 3, we have

f(0) = 0, f
(
1
3

)
= log

(
4
3

)
, f

(
2
3

)
= log

(
5
3

)
, f(1) = log 2,

and so

B3(f)(x) = 3 log
(
4
3

)
x(1− x)2 + 3 log

(
5
3

)
x2(1− x) + (log 2)x3.

10. If f(t) =
∣∣t− 1

3

∣∣ and n = 3, we have

f(0) = 1
3
, f

(
1
3

)
= 0, f

(
t
2

3

)
= 1

3
, f(1) = 2

3
,

and so

B3(f)(x) =
1
3
(1− x)3 +3 · 1

3
x2(1− x) + 2

3
x3 = 1

3
− x+2x2− 2

3
x3. □
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We are now ready to provide the proof of Theorem 318.

aaaaaa

Proof: let f ∈ C([0, 1]). Since [0, 1] is compact, f is uniformly continuous. Fix ε > 0
and choose δ > 0 such that

|u− v| < δ =⇒ |f(u)− f(v)| < ε/2.

Also setM = supt∈[0,1] |f(t)| <∞.

Fix x ∈ [0, 1]. Split the sum deϐining Bn(f)(x) − f(x) into indices k near nx
and far from nx:

|Bn(f)(x)− f(x)| ≤
n∑

k=0

∣∣∣f(k
n

)
− f(x)

∣∣∣(n
k

)
xk(1− x)n−k =

∑
|k/n−x|<δ

(· · · ) +
∑

|k/n−x|≥δ

(· · · ).

On the set {|k/n− x| < δ}, uniform continuity gives
∣∣f(k/n)− f(x)∣∣ < ε/2, hence

∑
|k/n−x|<δ

∣∣∣f(k
n

)
− f(x)

∣∣∣(n
k

)
xk(1− x)n−k ≤ ε

2

n∑
k=0

(
n

k

)
xk(1− x)n−k =

ε

2
.

On the complementary set, we use the bound
∣∣f(k/n)− f(x)∣∣ ≤ 2M :

∑
|k/n−x|≥δ

∣∣∣f(k
n

)
− f(x)

∣∣∣(n
k

)
xk(1− x)n−k ≤ 2M

∑
|k/n−x|≥δ

(
n

k

)
xk(1− x)n−k.

Using the second-moment identity and Markov’s inequality,

∑
|k/n−x|≥δ

(
n

k

)
xk(1−x)n−k ≤ 1

δ2

n∑
k=0

(k
n
−x
)2(n

k

)
xk(1−x)n−k =

x(1− x)
nδ2

≤ 1

4nδ2
.

Therefore,
|Bn(f)(x)− f(x)| ≤

ε

2
+

2M

4nδ2
=
ε

2
+

M

2nδ2
.

Choose n large enough that M
2nδ2

< ε
2
. Then |Bn(f)(x)−f(x)| < ε for every x ∈ [0, 1].

Hence ∥Bn(f)− f∥∞ → 0, and polynomials are dense in C([0, 1]).

For a general interval [a, b], deϐine g : [0, 1] → R by g(t) = f(a + (b − a)t).
Approximate g uniformly by a polynomial q(t) on [0, 1], and then set p(x) = q

(
x−a
b−a

)
to obtain a polynomial on [a, b] satisfying ∥p− f∥∞ < ε. ■

There is an analogous density statement for trigonometric polynomials in spaces of contin-
uous periodic functions. In Fourier analysis, summability methods provide approximation
schemes that are adapted to periodic structure and to norms such as L2 (see Section 11.2).
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Stone-Weierstrass Approximation
The next theorem generalizes Weierstrass approximation by replacing polynomials on an in-
terval with an abstract algebra of functions on a compact space.

aaaaaa

Theorem 320 (SęĔēĊ-WĊĎĊėĘęėĆĘĘ)
LetK be a compact Hausdorff space and letA ⊆ C(K,R) be a sub-algebra that con-
tains the constant functions and separates points ofK (that is, for x ̸= y there exists
g ∈ A with g(x) ̸= g(y)). ThenA is dense in C(K,R) with respect to ∥ · ∥∞.

In the complex case, if A ⊆ C(K,C) contains the constants, separates points, and is
closed under complex conjugation, thenA is dense in C(K,C).

Proof: left as an exercise. ■

Applications
1. Theorem318 says that polynomials are dense inC([a, b]), so continuous functions on an

interval can be uniformly approximated by polynomials. Stone-Weierstrass generalizes
this. In practice, this lets us replace a complicated function f ∈ C(K),K compact, by an
explicit approximant built from a chosen “feature family” (coordinates, trigonometric
functions, etc.).

2. On the torus K = T (or on [0, 2π] with endpoints identiϐied), we can apply Stone-
Weierstrass to the algebra generated by {1, cosx, sinx} to show that trigonometric
polynomials are dense in C(K). Thus every continuous 2π-periodic function can be
uniformly approximated by ϐinite linear combinations of sin(nx) and cos(nx).

3. Let K ⊆ Rn be compact. The algebra of (restrictions to K of) real polynomials in n
variables contains constants and separates points, hence is dense in C(K) by Stone-
Weierstrass. Therefore every continuous function on a compact set in Rn can be uni-
formly approximated by multivariate polynomials onK .

22.7 Hilbert Spaces and Orthogonal Expansions
An inner product space is a vector space H over R (or C) equipped with an inner product
⟨·, ·⟩ that is linear in the ϐirst argument, conjugate symmetric, and positive deϐinite. The in-
duced norm is ∥x∥ =

√
⟨x, x⟩.

A Hilbert space is a complete inner product space. The basic notions are those of

orthogonality: x ⊥ y if ⟨x, y⟩ = 0, and of the

orthogonal complement: forM ⊆ H ,M⊥ = {x ∈ H | ⟨x, z⟩ = 0 for all z ∈M}.

A sequence (en) inH is orthonormal if ⟨en, em⟩ = δn,m (the Kronecker δ).
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Examples

1. The Euclidean spaces Rn and Cn, endowed with the standard inner products

⟨x, y⟩ =
n∑

k=1

xkyk and ⟨x, y⟩ =
n∑

k=1

xkyk,

are Hilbert spaces since, more generally, every ϐinite-dimensional inner prod-
uct space is complete, hence Hilbert (see exercises).

2. The space of square-summable sequences

ℓ2(C) =

{
x = (xn)n≥1

∣∣∣∣∣
∞∑
n=1

|xn|2 <∞

}
, with inner product ⟨x, y⟩ =

∞∑
n=1

xnyn

is a Hilbert space (see exercises).

3. If [a, b] ⊆ R, then the space of square-integrable functions

L2([a, b]) =

{
f : [a, b]→ C

∣∣∣∣ ∫ b

a

|f(t)|2 dt <∞
}

(with functions identiϐied up to equality almost everywhere) is a Hilbert space
with inner product

⟨f, g⟩ =
∫ b

a

f(t)g(t) dt.

In particular, the space L2([−π, π]) of 2π-periodic functions with the same in-
ner product is a Hilbert space, and it is the natural setting for Fourier series
and orthogonal expansions.

4. The space Mm×n(R) (or Mm×n(C)) becomes a Hilbert space when endowed
with the Frobenius inner product

⟨A,B⟩ = tr(ABT) (real case), ⟨A,B⟩ = tr(AB∗) (complex case)

(see exercises).

5. IfH is a Hilbert space andM ⊆C H , thenM (with the restricted inner prod-
uct) is again a Hilbert space.

6. The space C([0, 1]) with the sup norm is complete, but it is not induced by an
inner product, so it is not a Hilbert space.

7. The spaces Lp([a, b]) for p ̸= 2 are Banach spaces, but in general they are not
Hilbert spaces.
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8. In Rn with the standard inner product ⟨x, y⟩ =∑n
k=1 xkyk, we have

(1, 0, 0) ⊥ (0, 1, 0) since ⟨(1, 0, 0), (0, 1, 0)⟩ = 0.

More generally, the standard basis vectors ei and ej satisfy ei ⊥ ej for i ̸= j.

9. LetM = span{(1, 1)} ⊆ R2 with the usual inner product. Then

M⊥ = {(x, y) ∈ R2 | x+ y = 0} = span{(1,−1)}.

10. LetM = span{(1, 0, 0), (0, 1, 0)} ⊆ R3 with the usual inner product. Then

M⊥ = span{(0, 0, 1)}.

11. In ℓ2(C)with ⟨x, y⟩ =∑n≥1 xnyn, the sequence (of sequences)

e1 = (1, 0, 0, . . . ), e2 = (0, 1, 0, . . . ), . . . , en = (0, . . . , 0, 1, 0, . . .), . . .

is orthonormal since ⟨ei, ej⟩ = δi,j .

12. In L2([−π, π])with ⟨f, g⟩ =
∫ π

−π
f(t)g(t) dt, the complex exponentials

en(t) =
1√
2π
eint, n ∈ Z,

form an orthonormal sequence:

⟨en, em⟩ =
1

2π

∫ π

−π

ei(n−m)t dt = δn,m.

13. LetM = span{1} ⊆ L2([0, 1]), where 1(t) = 1. Then

M⊥ =

{
f ∈ L2([0, 1])

∣∣∣∣ ∫ 1

0

f(t) dt = 0

}
.

Indeed, f ∈M⊥ if and only if ⟨f,1⟩ =
∫ 1

0
f(t) dt = 0.

14. In Mn×n(R) with ⟨A,B⟩ = tr(ABT) =
∑

i,j aijbij , let M be the subspace of
diagonal matrices. Then

M⊥ = {A ∈Mn×n(R) | a1,1 = · · · = an,n = 0},

the subspace of matrices with zero diagonal. □
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Theorem 321 (OėęčĔČĔēĆđ PėĔďĊĈęĎĔē)
LetH be a Hilbert space andM ⊆ H a closed subspace. For every x ∈ H there exists
a uniquemx ∈M such that

∥x−mx∥ = inf
y∈M
∥x− y∥, with x−mx ∈M⊥.

Proof: let α = infy∈M ∥x − y∥. We can always select a sequence (yn) ⊆ M such
that ∥x − yn∥ → α (why?). We show (yn) is Cauchy. Form,n ∈ N, set u = x − yn,
v = x− ym. The parallelogram identity gives

∥u− v∥2 + ∥u+ v∥2 = 2∥u∥2 + 2∥v∥2.

But u− v = ym − yn and u+ v = 2x− (yn + ym), so

∥u− v∥2 = ∥yn − ym∥2, ∥u+ v∥2 =
∥∥2 (x− yn+ym

2

)∥∥2 = 4
∥∥x− yn+ym

2

∥∥2 .
Substituting into the parallelogram identity yields

∥yn − ym∥2 + 4
∥∥x− yn+ym

2

∥∥2 = 2∥x− yn∥2 + 2∥x− ym∥2,

re-arranging gives

2∥yn − ym∥2 = 2∥x− yn∥2 + 2∥x− ym∥2 − 4

∥∥∥∥x− yn + ym
2

∥∥∥∥2 .
BecauseM is a subspace, (yn + ym)/2 ∈M , hence

∥∥x− yn+ym
2

∥∥ ≥ α. Therefore

∥yn − ym∥2 ≤ ∥x− yn∥2 + ∥x− ym∥2 − 2α2.

Lettingm,n→∞ gives ∥yn−ym∥ → 0, hence (yn) is Cauchy. SinceM is closed and
H is complete, there existsmx ∈M with yn → mx. By continuity of the norm,

∥x−mx∥ = lim
n→∞

∥x− yn∥ = α,

somx attains the inϐimum.

To show orthogonality, ϐix z ∈ M and consider ϕ(t) = ∥x − (mx + tz)∥2 for
t ∈ R. Sincemx minimizes the distance, ϕ has a minimum at t = 0, hence ϕ′(0) = 0:

ϕ(t) = ⟨x−mx − tz, x−mx − tz⟩ = ∥x−mx∥2 − 2tRe ⟨x−mx, z⟩+ t2∥z∥2,

so ϕ′(0) = −2Re ⟨x −mx, z⟩ = 0. In the real case this gives ⟨x −mx, z⟩ = 0. In the
complex case, applying the same argument with iz also gives Im ⟨x − mx, z⟩ = 0.
Hence ⟨x−mx, z⟩ = 0 for all z ∈M , so x−mx ∈M⊥.

For uniqueness, ifm1,m2 ∈M both minimize the distance, then x−m1 ∈M⊥ and
x−m2 ∈M⊥, so (m1 −m2) = (x− (x−m1))− (x− (x−m2)) ∈M ∩M⊥ = {0}.
Thusm1 = m2. ■574 Analysis and Topology Course Notes
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The importance of orthonormal sequences is indicated by the next result.
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Theorem 322 (BĊĘĘĊđ'Ę IēĊĖĚĆđĎęĞ)
If (en) is orthonormal inH , then for every x ∈ H ,

∞∑
n=1

|⟨x, en⟩|2 ≤ ∥x∥2.

Proof: ϐix N and let MN = span{e1, . . . , eN}. The orthogonal projection of x
ontoMN is

PNx =
N∑

n=1

⟨x, en⟩en.

By orthonormality,

∥PNx∥2 =

⟨
N∑

n=1

⟨x, en⟩en,
N∑

m=1

⟨x, em⟩em

⟩
=

N∑
n=1

|⟨x, en⟩|2.

Since x− PNx ⊥MN , the Pythagorean theorem gives

∥x∥2 = ∥PNx∥2 + ∥x− PNx∥2 ≥ ∥PNx∥2 =
N∑

n=1

|⟨x, en⟩|2.

LettingN →∞ yields Bessel’s inequality. ■

If (en) is anorthonormal basis ofH (that is, the closed linear span of {en} isH), thenPNx→
x in norm, and Bessel’s inequality becomes Parseval’s identity

∥x∥2 =
∞∑
n=1

|⟨x, en⟩|2, x =
∞∑
n=1

⟨x, en⟩en (convergence in ∥ · ∥).

How the Hilbert Space Viewpoint Frames Fourier Series
In the Hilbert spaceH = L2([−π, π])with inner product

⟨f, g⟩ = 1

2π

∫ π

−π

f(t)g(t) dt,

Fourier coefϐicients are inner products against an orthonormal trigonometric system, and
partial sums are orthogonal projections onto ϐinite-dimensional subspaces. Quadratic mean
convergence corresponds to convergence in the L2 norm, and Parseval’s identity is exactly
the Hilbert space norm identity for an orthonormal basis (see Section 11.2).
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22.8. THE INVERSE FUNCTION THEOREM

22.8 The Inverse Function Theorem
The next result is a central cog of multivariate calculus.
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Theorem 323 (IēěĊėĘĊ FĚēĈęĎĔē TčĊĔėĊĒ)
Let U ⊆O Rn and let F : U → Rn be continuously differentiable. If a ∈ U and
DF (a) is invertible, then there exist open neighborhoods V of a andW of F (a) such
that F : V → W is a bijection. Moreover, the inverse F−1 : W → V is continuously
differentiable and

D(F−1)(F (x)) =
(
DF (x)

)−1 for all x ∈ V.

Proof: letA = DF (a) andB = A−1. SinceDF is continuous at a, there exists r > 0
such that

∥I −BDF (x)∥ ≤ q < 1 for all x ∈ B(a, r) ⊆ U,

for some ϐixed q ∈ (0, 1). For y near F (a) deϐine

Ty(x) = x−B
(
F (x)− y

)
.

For x, z ∈ B(a, r), themean value formula gives

F (x)− F (z) =
∫ 1

0

DF
(
z+ t(x− z)

)
(x− z) dt,

hence

Ty(x)− Ty(z) = (x− z)−B(F (x)− F (z)) =
[
I −

∫ 1

0

BDF
(
z+ t(x− z)

)
dt

]
(x− z),

so
∥Ty(x)− Ty(z)∥ ≤ sup

w∈B(a,r)
{∥I −BDF (w)∥} ∥x− z∥ ≤ q ∥x− z∥.

Thus Ty is a contraction onB(a, r).

We also show that Ty maps B(a, r) into itself for y sufϐiciently close to F (a).
Write

F (x) = F (a) + A(x− a) + E(x), where E(x) = F (x)− F (a)− A(x− a).

Since F is differentiable at a andDF is continuous, we can choose r so that

∥E(x)∥ ≤ η∥x− a∥ for all x ∈ B(a, r),

with ∥B∥η ≤ 1/2. Then for x ∈ B(a, r), Ty(x)− a is equal to:
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x− a−B(F (x)− y) = x− a−B
(
F (a) + A(x− a) + E(x)− y

)
= −BE(x) +B(y− F (a)),

so

∥Ty(x)−a∥ ≤ ∥B∥ ∥E(x)∥+∥B∥ ∥y−F (a)∥ ≤
1

2
∥x−a∥+∥B∥ ∥y−F (a)∥ ≤ r

2
+∥B∥ ∥y−F (a)∥.

Hence, if ∥y− F (a)∥ < r
2∥B∥ , then ∥Ty(x)− a∥ ≤ r for all x ∈ B(a, r). Deϐine

W = B
(
F (a),

r

2∥B∥

)
.

For eachy ∈ W , themapTy is thus a contractionB(a, r)→ B(a, r), and sinceB(a, r)
is complete, the Banach ϐixed point theorem yields a unique x ∈ B(a, r) such that
Ty(x) = x. This ϐixed point thus satisϐies

x = x−B(F (x)− y) ⇐⇒ F (x) = y.

Deϐine F−1(y) = x. This gives a well-deϐined inverse map F−1 : W → V , where
V = B(a, r) ∩ U . The injectivity of F on V follows from the uniqueness of the
ϐixed point: ifF (x) = F (z) = y, then both x and z are ϐixed points ofTy, and so x = z.

To compute the derivative of the inverse, ϐix y ∈ W and write x = F−1(y).
For small hwith y+ h ∈ W , set x′ = F−1(y+ h). Then

h = F (x′)− F (x) = DF (x)(x′ − x) + r(x′, x),

where ∥r(x′, x)∥ = o(∥x′ − x∥) as x′ → x. Since ∥I − BDF (x)∥ ≤ q < 1, the map
DF (x) is invertible, and (DF (x))−1 depends continuously on x. Solving for x′ − x
yields

x′ − x = (DF (x))−1h− (DF (x))−1r(x′, x).

One obtains a local Lipschitz bound ∥x′−x∥ ≤ C∥h∥ from the contraction construc-
tion, hence

∥(DF (x))−1r(x′, x)∥
∥h∥

≤ ∥(DF (x))−1∥ · ∥r(x
′, x)∥

∥x′ − x∥
· ∥x

′ − x∥
∥h∥

→ 0 as h→ 0.

Therefore,
F−1(y+ h)− F−1(y) = (DF (x))−1h+ o(∥h∥),

so F−1 is differentiable at y and D(F−1)(y) = (DF (x))−1. Continuity of D(F−1)
follows from continuity of DF and the inverse map on invertible matrices. Hence
F−1 is C1. ■
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IfDF (a) is invertible, thenDF (x) remains invertible in a neighborhood of a, and F is locally
open and locally one-to-one. This is the local ingredient behind change of variables formulas
(see Section 21.7).

22.9 Implicit Function Theorem
Let f, g : U ⊆O Rn → R be deϐined on a punctured neighbourhood of a. We write

f(x) = o
(
g(x)

)
as x→ a

if g(x) ̸= 0 near a and
lim
x→a

f(x)
g(x)

= 0.

For F : Rn → Rm, differentiability at ameans that ∃ a linear mapDF (a) such that

F (a+ h) = F (a) +DF (a)h+ o(∥h∥) as h→ 0.

Many local theorems depend on whether suitable blocks ofDF (a) are invertible.

aaaaaa

Theorem 324 (IĒĕđĎĈĎę FĚēĈęĎĔē TčĊĔėĊĒ)
LetU ⊆ Rn×Rm be open and letG : U → Rm be continuously differentiable. Suppose
G(a,b) = 0 and that the partial derivativeDyG(a,b) : Rm → Rm is invertible. Then
there exist neighbourhoodsV of a andW ofb and a unique continuously differentiable
map φ : V → W such that

G(x, φ(x)) ≡ 0 for all x ∈ V.

Moreover, the Jacobian matrix of φ is given by

Dφ(x) = −
(
DyG(x, φ(x))

)−1
DxG(x, φ(x)).

Proof: let A = DyG(a,b) and B = A−1. By continuity of DyG at (a,b), there exist
neighbourhoods V0 of a andW0 of b such that

∥I −BDyG(x, y)∥ ≤ q < 1 for all (x, y) ∈ V0 ×W0,

for some ϐixed q ∈ (0, 1). Fix r > 0withB(b, r) ⊆ W0, and for each x ∈ V0 deϐine

Tx(y) = y−BG(x, y), y ∈ B(b, r).

Contraction in y. For y1, y2 ∈ B(b, r), the mean value formula in the y variable gives

G(x, y1)−G(x, y2) =
∫ 1

0

DyG(x, y2 + t(y1 − y2))(y1 − y2) dt,

578 Analysis and Topology Course Notes



CHAPTER 22. SUPPLEMENTAL ANALYSIS RESULTS

aaaaaa

hence
Tx(y1)− Tx(y2) = (y1 − y2)−B

(
G(x, y1)−G(x, y2)

)
=

[
I −

∫ 1

0

BDyG(x, y2 + t(y1 − y2)) dt
]
(y1 − y2),

so
∥Tx(y1)− Tx(y2)∥ ≤ q ∥y1 − y2∥,

and Tx is a contraction onB(b, r)with factor q, uniformly in x ∈ V0.

Self-map. SinceG is differentiable at (a,b), we can write

G(x, y) = G(a,b) +DxG(a,b)(x− a) +DyG(a,b)(y− b) +R(x, y),

where ∥R(x, y)∥ = o(∥x− a∥+ ∥y− b∥) as (x, y)→ (a,b).

SinceG(a,b) = 0 andBA = I , for y ∈ B(b, r)we have

Tx(y)− b = (y− b)−BG(x, y) = (y− b)−B
(
DxG(a,b)(x− a) + A(y− b) +R(x, y)

)
,

which is equal to−BDxG(a,b)(x− a)−BR(x, y).

By shrinking V0 if needed, we may assume that ∥R(x, y)∥ ≤ η(∥x − a∥ + ∥y − b∥)
on V0 ×B(b, r)with ∥B∥η ≤ 1/2. Then

∥Tx(y)− b∥ ≤ ∥B∥ ∥DxG(a,b)∥ ∥x− a∥+ ∥B∥η(∥x− a∥+ ∥y− b∥)

≤ C∥x− a∥+ 1

2
∥y− b∥+ 1

2
∥x− a∥.

for a constant C .

Choose a smaller neighbourhood V ⊆ V0 so that ∥x − a∥ is small enough to
ensure ∥Tx(y) − b∥ ≤ r whenever ∥y − b∥ ≤ r. Then Tx(B(b, r)) ⊆ B(b, r) for all
x ∈ V .

Fix x ∈ V . Since B(b, r) is complete, the Banach ϐixed point theorem yields a
unique φ(x) ∈ B(b, r) such that Tx(φ(x)) = φ(x), that is, G(x, φ(x)) ≡ 0. Unique-
ness of the ϐixed point gives uniqueness of φ.

To compute the derivative, ϐix x ∈ V and set y = φ(x). For small h ∈ Rn

with x+ h ∈ V , set y′ = φ(x+ h). Then

0 = G(x+ h, y′)−G(x, y).

By differentiability ofG at (x, y),

G(x+ h, y′)−G(x, y) = DxG(x, y)h+DyG(x, y)(y′ − y) + r(h, y′ − y),
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where ∥r(h, y′ − y)∥ = o(∥h∥+ ∥y′ − y∥) as (h, y′ − y)→ (0,0). SinceDyG(x, y) is
invertible and depends continuously on (x, y), we may solve:

y′ − y = −
(
DyG(x, y)

)−1
DxG(x, y)h−

(
DyG(x, y)

)−1
r(h, y′ − y).

The contraction construction gives a local Lipschitz bound ∥y′ − y∥ ≤ C∥h∥, hence
the remainder term is o(∥h∥). Therefore,

φ(x+ h)− φ(x) = −
(
DyG(x, φ(x))

)−1
DxG(x, φ(x))h+ o(∥h∥),

so φ is differentiable and

Dφ(x) = −
(
DyG(x, φ(x))

)−1
DxG(x, φ(x)).

Continuity ofDφ follows from continuity ofDxG,DyG, and inversion on invertible
matrices. Hence φ is C1. ■

The implicit function theorem is often used to provide local solutions to systems of equations.
Let G : Rn+m → Rm be a C1 map, and write points as (x, y) ∈ Rn × Rm. If G(a,b) = 0 and
DyG(a,b) is invertible, then ∃ open neighbourhoods U0 ⊆ Rn of a and V0 ⊆ Rm of b, and a
unique C1 map φ : U0 → V0 such that for all (x, y) ∈ U0 × V0,

G(x, y) ≡ 0 ⇐⇒ y = φ(x).

Moreover, φ(a) = b and the derivative of φ at a is

Dφ(a) = −(DyG(a,b))−1DxG(a,b).

The implicit function theorem can also be applied to initial value problems (IVP; see Chap-
ter 23).
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Theorem 325 (PĎĈĆėĉ-LĎēĉĊđĔ̈ċ)
Let f : [t0 − h0, t0 + h0] × Rm → Rm be continuous and assume there exists L ≥ 0
such that

∥f(t,u)− f(t, v)∥ ≤ L∥u− v∥

for all t ∈ [t0 − h0, t0 + h0] and all u, v in a neighbourhood of u0. Then there exists
h ∈ (0, h0] such that the initial value problem

u′(t) = f(t,u(t)), u(t0) = u0,

has a unique solution u ∈ C1([t0 − h, t0 + h];Rm). Moreover, the Picard iterates

un+1(t) = u0 +

∫ t

t0

f(s,un(s)) ds

converge uniformly to u on [t0 − h, t0 + h] with n→∞.
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Proof: letX = C([t0− h, t0 + h];Rm)with the sup norm ∥u∥∞ = supt ∥u(t)∥. Then
X is a Banach space. FixR > 0 and set

B = {u ∈ X | ∥u− u0∥∞ ≤ R},

where u0 denotes the constant function t 7→ u0. Deϐine

(Tu)(t) = u0 +

∫ t

t0

f(s,u(s)) ds.

Since f is continuous on a compact set of the form [t0 − h0, t0 + h0]×B(u0, R), it is
bounded there, say ∥f(t,u)∥ ≤M . For u ∈ B and t ∈ [t0 − h, t0 + h],

∥(Tu)(t)− u0∥ ≤
∫ t

t0

∥f(s,u(s))∥ ds ≤Mh,

so ∥Tu− u0∥∞ ≤Mh. Choosing h ≤ R/M ensures T (B) ⊆ B.

For u, v ∈ B,

∥(Tu)(t)−(Tv)(t)∥ ≤
∫ t

t0

∥f(s,u(s))−f(s, v(s))∥ ds ≤
∫ t

t0

L∥u(s)−v(s)∥ ds ≤ Lh∥u−v∥∞,

so ∥Tu − Tv∥∞ ≤ Lh∥u − v∥∞. Choose h > 0 such that h ≤ h0, h ≤ R/M , and
Lh < 1. Then T is a contraction on the complete metric space B.

By the Banach ϐixed point theorem, T has a unique ϐixed point u∗ ∈ B and
the Picard iterates converge uniformly to u∗. The ϐixed point identity

u∗(t) = u0 +

∫ t

t0

f(s,u∗(s)) ds

implies u∗ ∈ C1 and (u∗)′(t) = f(t,u∗(t)) (component-wise, by the fundamental
theorem of calculus). Uniqueness of the ϐixed point then implies uniqueness of the
IVP solution on [t0 − h, t0 + h]. ■

Exercises
1. Prepare a 2-page summary of this chapter, with important deϐinitions and results.

2. Let (X, d) be a complete metric space and let T : X → X be a contraction with factor
q ∈ (0, 1). Fix x0 ∈ X and deϐine xn+1 = T (xn).

a) Prove that d(xn, x∗) ≤ qnd(x0, x∗) for all n ≥ 0, where x∗ is the unique ϐixed point.
b) Prove that d(xn+1, xn) ≤ qnd(x1, x0) for all n ≥ 0.

P. Boily (uOttawa) 581



EXERCISES

3. Does every contraction T : X → X on a metric space (X, d) have a ϐixed point?

4. Consider T (x) = cosx on I = [0, 1]with the usual metric.

a) Show that T (I) ⊆ I and that T is a contraction on I with factor q = sin(1).
b) Using the a posteriori bound, ϐind an explicitN (in terms of q) such that if |xN+1−

xN | < 10−6 then |xN − x∗| < 10−4.

5. Apply Picard iteration to the IVP u′(t) = u(t), u(0) = 1 on a symmetric interval [−h, h].

a) Write the Picard operator T on C([−h, h]).
b) Starting fromthe constant functionu0(t) ≡ 1, compute the ϐirst four iteratesu1,u2,u3,u4

explicitly.
c) Guess the limit of the iteration and justify your guess.

6. LetX,Y be normed spaces and let T : X → Y be linear.

a) Prove that T is bounded if and only if sup∥x∥≤1 ∥T (x)∥ <∞.
b) Prove that if T is bounded, then ∥T (x)− T (y)∥ ≤ ∥T∥op∥x− y∥ for all x, y ∈ X .

7. LetD = diag(d1, . . . , dn) act on Rn.

a) Compute ∥D∥op when Rn is equipped with ∥ · ∥∞.
b) Compute ∥D∥op when Rn is equipped with ∥ · ∥1.
c) Compute ∥D∥op when Rn is equipped with ∥ · ∥2.

8. Let u ∈ Rm and v ∈ Rn, and deϐine T : Rn → Rm by

T (x) = (v · x)u

(where v ·x is the usual Euclidean inner product). Is T a linear operator? If so, compute
∥T∥op for the Euclidean norms on Rn and Rm.

9. Let A =

(
1 −2
3 4

)
act on R2. Compute ∥A∥op when both domain and codomain are

equipped with ∥ · ∥∞.

10. Let A be as in the previous exercise. Compute ∥A∥op when both domain and codomain
are equipped with ∥ · ∥1.

11. Let A be as in the previous exercise. Compute ∥A∥op when both domain and codomain
are equipped with ∥ · ∥2.

12. Deϐine S : Rn → Rn by

S(x1, . . . , xn) = (0, x1, . . . , xn−1).

Compute ∥S∥op with respect to ∥ · ∥1, ∥ · ∥2, and ∥ · ∥∞.
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13. Let P : Rn → Rn be the coordinate projection

P (x1, . . . , xn) = (x1, . . . , xk, 0, . . . , 0).

Compute ∥P∥op with respect to ∥ · ∥1, ∥ · ∥2, and ∥ · ∥∞.

14. LetX = C([0, 1])with ∥ · ∥∞, and deϐine T : X → X by

(Tf)(x) =

∫ x

0

f(t) dt.

Compute ∥T∥op.

15. LetX = C([0, 1]) with ∥ · ∥∞, and ϐix x0 ∈ [0, 1]. Deϐine δx0 : X → R by δx0(f) = f(x0).
Compute ∥δx0∥op.

16. LetX = Rn with ∥ · ∥∞, and deϐine φ : X → R by

φ(x1, . . . , xn) = x1 + · · ·+ xn.

Compute ∥φ∥op.

17. Let T : R2 → R2 be deϐined by T (x) = Axwith

A =

(
2 −1
0 1

)
.

Compute ∥T∥op when R2 is equipped with the norm ∥x∥∞ = max{|x1|, |x2|}.

18. LetX be a real normed space and let x ∈ X with x ̸= 0.

a) Use Hahn-Banach to prove that there exists φ ∈ X∗ with ∥φ∥ = 1 and φ(x) = ∥x∥.
b) Is the functional φ unique for every x ̸= 0?

19. Show that the functions deϐined in the examples on 556 are all sub-linear.

20. LetX be a real normed space and Y ⊆ X a subspace. Is it the case that every φ0 ∈ Y ∗

admits an extension φ ∈ X∗ with ∥φ∥ = ∥φ0∥.

21. A proof of the Hahn-Banach theorem. Throughout, let (X, ∥ · ∥) be a real normed
vector space, assume thatX is separable, let Y < X be a subspace, and let φ0 : Y → R
be a bounded linear functional. Set

p(x) = ∥φ0∥ ∥x∥ (x ∈ X).

a) Show that p : X → R is sub-linear and continuous.
b) Show that φ0(y) ≤ p(y) for all y ∈ Y .
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c) Let (xn)n∈N be a countable dense subset ofX . For each n ∈ N, set

Zn = Y + span{x1, . . . , xn}.

Show that Zn is a subspace ofX , that Zn ⊆ Zn+1, and that

Z∞ :=
∞∪
n=1

Zn

is dense inX .
d) Using Lemma 306A (one-dimensional extension), prove by induction that there

exists a sequence of linear maps

φn : Zn → R (n ∈ N)

such that

φn|Y = φ0, φn+1|Zn = φn, and φn(z) ≤ p(z) for all z ∈ Zn.

e) Deϐine φ∞ : Z∞ → R by φ∞(z) = φn(z) whenever z ∈ Zn. Show that φ∞ is well-
deϐined, linear, extends φ0, and satisϐies

φ∞(z) ≤ p(z) for all z ∈ Z∞.

f) Show that for all z ∈ Z∞,
|φ∞(z)| ≤ ∥φ0∥ ∥z∥.

(Hint: use φ∞(z) ≤ p(z) and−φ∞(z) = φ∞(−z) ≤ p(−z) = p(z).)
g) Deduce that φ∞ is Lipschitz on Z∞:

|φ∞(z)− φ∞(w)| ≤ ∥φ0∥ ∥z−w∥ for all z,w ∈ Z∞.

h) For each x ∈ X , choose a sequence (zk) ⊆ Z∞ such that zk → x. Prove that
(φ∞(zk)) is a Cauchy sequence in R and deϐine

φ(x) = lim
k→∞

φ∞(zk).

i) Show that φ : X → R is well-deϐined (the limit does not depend on the approxi-
mating sequence), linear, and satisϐies φ|Y = φ0.

j) Show that φ(x) ≤ p(x) for all x ∈ X , and conclude that

|φ(x)| ≤ ∥φ0∥ ∥x∥ for all x ∈ X.

In particular, ∥φ∥ ≤ ∥φ0∥.
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k) Show that
∥φ0∥ ≤ ∥φ∥.

(Hint: the supremum deϐining ∥φ0∥ is taken over {y ∈ Y | ∥y∥ ≤ 1}, which is
contained in {x ∈ X | ∥x∥ ≤ 1}, and φ = φ0 on Y .)

l) Conclude that ∥φ∥ = ∥φ0∥, completing the proof of Theorem 308.

22. Let (X, d) be a complete metric space.

a) Prove thatQ is meagre in R.
b) Is countable intersection of dense open subsets ofX open?

23. Fill in the details for the examples on pp. 22.4-22.4.

24. Is the uniform boundedness principle valid ifX is a normed space that is not complete?

25. This series of exercises relate to the Cantor set.

a) Let C0 = [0, 1]. Given Cn, obtain Cn+1 by removing from each closed interval com-
ponent of Cn its open middle third. Deϐine the Cantor set by

C :=
∞∩
n=0

Cn.

i. Write C1 and C2 explicitly as ϐinite unions of closed intervals.
ii. Prove that each Cn is a ϐinite union of 2n closed intervals, each of length 3−n.
iii. Prove that Cn+1 ⊆ Cn for all n.

b) i. Prove that each Cn is closed in R.
ii. Deduce that C is closed.
iii. Deduce that C is compact.

c) i. Prove that C contains no non-degenerate interval.
ii. Deduce that int(C) = ∅.

d) Prove that C is nowhere dense in R.
e) Let U = [0, 1] \ C .

i. Prove that U is open in [0, 1] (with the subspace topology).
ii. Show that U is a countable union of pairwise disjoint open intervals.
iii. Prove that U is dense in [0, 1].

f) i. Show every x ∈ [0, 1] has a base-3 expansion x =
∑∞

k=1 ak3
−k with ak ∈

{0, 1, 2}, and that some numbers have two such expansions.
ii. Prove that x ∈ C if and only if x has a base-3 expansion using only the digits 0

and 2.
iii. Prove that if x ∈ C , then there exists a base-3 expansion of x with digits only

in {0, 2} (even if x also has another expansion).
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g) Using the ternary characterization above, prove thatC is uncountable. (Hint: map
sequences (εk)k≥1 ∈ {0, 1}N to points of C by sending εk to the ternary digit 2εk.)

h) i. Fix x ∈ C and r > 0. Prove that (x − r, x + r) contains a point of C distinct
from x.

ii. Deduce that C has no isolated points.
iii. Conclude thatC is perfect, meaningC is closed and every point ofC is a limit

point of C .
i) Prove that C is totally disconnected: the only connected subsets of C are single-

tons. (Hint: use the fact that points of C can be separated at some ϐinite stage Cn

by disjoint closed intervals.)
j) Let

CL := C ∩
[
0,

1

3

]
, CR := C ∩

[2
3
, 1
]
.

i. Prove that C = CL ∪ CR and CL ∩ CR = ∅.
ii. Prove that the map x 7→ 3x is a bijection from CL onto C .
iii. Prove that the map x 7→ 3x− 2 is a bijection from CR onto C .

k) Assume thedeϐinition andbasic properties of LebesguemeasuremonR areknown.
i. Compute the total length removed at stage n.
ii. Show thatm(C) = 0 by estimatingm(Cn) and passing to the limit.

l) Prove that C is meagre in R. (Hint: use exercise d).)

26. LetK be a compact metric space and let F ⊆ C(K).

a) If F is relatively compact in (C(K), ∥ · ∥∞), is F pointwise bounded?
b) If F is pointwise bounded, is F relatively compact?

27. Consider the family F = {fn}n≥1 ⊆ C([0, 1]) given by fn(x) = xn. Is F relatively
compact in (C([0, 1]), ∥ · ∥∞)?

28. IfX is a normed space andA ⊆ X is closed and bounded, isA necessarily compact?

29. Show that in a complete metric space X , any pre-compact subset A is also relatively
compact, and vice-versa.

30. Show that every compact metric spaceK contains a countable dense subset.

31. In the proof of the Arzelà-Ascoli theorem, show that the last line of the proof holds:
that relative compactness of F in C(K) is equivalent to every sequence in F having a
uniformly convergent sub-sequence.

32. For f(t) = e−t, compute the Bernstein polynomials Bn(f)(x) for x ∈ [0, 1]. Does any
pattern emerge? Is there any function f such thatBn(f)(x) = f(x) for all x ∈ [0, 1]?
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33. Prove the identities of Lemma 319 (it might be helpful to lean on the knowledge of the
binomial distribution from probability).

34. Are the Bernstein polynomials of degree n “linear” over the space C([0, 1])? That is, for
n ≥ 0, a, b ∈ R and f, g ∈ C([0, 1]), is it the case that

Bn(af + bg) = aBn(f) + bBn(g)?

35. Prove the Stone-Weierstrass theorem using the following steps.
a) LetK be a compact Hausdorff space and let C(K) denote C(K,R)with the norm
∥f∥∞ = supx∈K |f(x)|. LetA ⊆ C(K) be a sub-algebra, and letA be its closure in
∥·∥∞. Prove thatA is again a sub-algebra ofC(K) and that it contains the constant
functions ifA does.

b) Show that if f ∈ C(K) and p is a real polynomial, then p ◦ f ∈ C(K). Show
moreover that if f ∈ A, then p ◦ f ∈ A.

c) FixM > 0. Using the Weierstrass approximation theorem on [−M,M ], show that
there exists a sequence of polynomials (pm) such that

sup
|t|≤M

∣∣pm(t)− |t|∣∣ −→ 0.

d) Let f ∈ A. Prove that |f | ∈ A. (Hint: ϐirst reduce to the case where ∥f∥∞ ≤ M ,
apply part c) to f , and use part b) insideA).

e) For f, g ∈ C(K) show that

max(f, g) = f + g + |f − g|
2

, min(f, g) = f + g − |f − g|
2

.

Deduce from part d) that if f, g ∈ A, then max(f, g),min(f, g) ∈ A. Conclude that
A is a sub-lattice of C(K).¹

f) Assume that A separates points ofK .² Show that for any distinct x, y ∈ K there
exists h ∈ A such that h(x) = 0 and h(y) = 1. (Hint: start from g ∈ A with
g(x) ̸= g(y) and apply an afϐine change of variables).

g) Assume that A contains the constant functions and separates points. Let x ̸= y
and let a, b ∈ R be arbitrary. Show that there exists u ∈ A with u(x) = a and
u(y) = b. Hint: use part f) and linear combinations.

h) Assume thatA contains constants and separates points. Let F ⊆ K be closed and
let x ∈ K \ F . Show that there exists u ∈ A such that u(x) = 0 and u(y) ≥ 1 for
all y ∈ F . (Hint: for each y ∈ F , use part f) to ϐind uy ∈ A with uy(x) = 0 and
uy(y) = 1. Use continuity to get an open neighbourhood Vy of y onwhich uy > 1/2.
Use compactness of F to extract ϐinitely many y1, . . . , yN so that F ⊆ ∪i Vyi , then
combine them using max (part e) and rescale.)

¹A sublattice of C(K) is a subset L ⊆ C(K) such that for all f, g ∈ L, the pointwise functions max(f, g)
and min(f, g) also belong to L.

²That is, for any x ̸= y ∈ K , ∃g ∈ A such that g(x) ̸= g(mmy).

P. Boily (uOttawa) 587



EXERCISES

i) Let f ∈ C(K) and let ε > 0. Fix x ∈ K . Show that there exists gx ∈ A such that

gx(x) = f(x) and gx ≤ f + ε onK.

(Hint: for each y ∈ K use part g) to build ux,y ∈ A with ux,y(x) = f(x) and
ux,y(y) = f(y). For each ϐixed y, continuity gives an open neighbourhood Vy on
which ux,y ≤ f + ε. Use compactness to extract ϐinitely many Vyi coveringK , and
set gx = mini{ux,yi} (part e).)

j) With the assumptionsof part i), show that there exist ϐinitelymanypointsx1, . . . , xm ∈
K such that

g := max{gx1 , . . . , gxm}
satisϐies

f ≤ g ≤ f + ε onK.
(Hint: for each x, the inequality gx(x) = f(x) and continuity imply that gx > f − ε
on some neighbourhood of x. Use compactness ofK to choose ϐinitely many such
neighbourhoods.)

k) Assume thatA ⊆ C(K) is a sub-algebra that contains the constants and separates
points. Use part j) to show that for every f ∈ C(K) and every ε > 0 there exists
g ∈ Awith ∥f − g∥∞ < ε. Conclude thatA = C(K), that is,A is dense in C(K).

l) LetA ⊆ C(K,C) be a sub-algebra containing the constants and separating points.
Assume in addition that f ∈ A implies f ∈ A. Show that the set Re(A) =
{Re(f) | f ∈ A} is a real sub-algebra of C(K,R) containing constants and sepa-
rating points, and deduce thatA is dense in C(K,C).

36. Show that every ϐinite-dimensional inner product space is complete.

37. This series of questions relates to the spaceL2([a, b])of square integrable functions over
[a, b]with inner product

⟨f, g⟩ =
∫ b

a

f(t)g(t) dt.

Some knowledge of measure theory (see Chapter 21) is assumed.

a) L2([a, b]) is the set of (equivalence classes of) measurable functions f : [a, b]→ C
such that ∫ b

a

|f(t)|2 dt <∞.

Explain why, if f = f ′ and g = g′ almost everywhere, then∫ b

a

f(t)g(t) dt =

∫ b

a

f ′(t)g′(t) dt.

Conclude that ⟨f, g⟩ is well-deϐined on L2([a, b]).
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b) Verify directly from properties of the integral that for all scalars α, β ∈ C and all
f1, f2, g ∈ L2([a, b]),

⟨αf1 + βf2, g⟩ = α⟨f1, g⟩+ β⟨f2, g⟩, ⟨f, g⟩ = ⟨g, f⟩.

c) Show that for every f ∈ L2([a, b]),

⟨f, f⟩ =
∫ b

a

|f(t)|2 dt ≥ 0.

Then prove that
⟨f, f⟩ = 0 =⇒ f = 0 almost everywhere.

Conclude that ⟨·, ·⟩ is an inner product on L2([a, b]).
d) Prove the Cauchy-Schwarz inequality

|⟨f, g⟩| ≤ ∥f∥2 ∥g∥2, ∥f∥2 :=
√
⟨f, f⟩.

Deduce that ∥ · ∥2 is a norm on L2([a, b]) and that
∥f − g∥22 = ⟨f − g, f − g⟩

deϐines the metric associated to the inner product.
e) Let (fn) be a Cauchy sequence in (L2([a, b]), ∥ · ∥2). Choose a subsequence (fnk

)
such that

∥fnk+1
− fnk

∥2 ≤ 2−k for all k ≥ 1.

Deϐine
gk := fnk+1

− fnk
, Gm(t) :=

m∑
k=1

|gk(t)|.

Show that (Gm(t))m≥1 is increasing for each t, and set

G(t) := sup
m≥1

Gm(t) =
∞∑
k=1

|gk(t)|.

f) Use the Cauchy-Schwarz inequality to prove∫ b

a

|gk(t)| dt ≤ (b− a)1/2 ∥gk∥2.

Deduce that
∞∑
k=1

∫ b

a

|gk(t)| dt <∞,

and then use the monotone convergence theorem to obtain∫ b

a

G(t) dt =
∞∑
k=1

∫ b

a

|gk(t)| dt <∞.

Conclude that G(t) < ∞ for almost every t, hence∑k gk(t) converges absolutely
for almost every t.

P. Boily (uOttawa) 589



EXERCISES

g) Deϐine, for almost every t,

f(t) := fn1(t) +
∞∑
k=1

gk(t) = lim
m→∞

fnm(t).

Show that f is measurable. Then prove that

∥fnm − f∥2 → 0.

(A standard way is to use Fatou’s lemma³ on |fnm − f |2 and the fact that the tails∑
k≥m gk are small in L2 because of the 2−k bound.)

h) Use the fact that (fn) is Cauchy: given ε > 0, choose N such that ∥fn − fm∥2 < ε
for all n,m ≥ N . Choosem large enough that nm ≥ N and ∥fnm − f∥2 < ε. Then
for n ≥ N ,

∥fn − f∥2 ≤ ∥fn − fnm∥2 + ∥fnm − f∥2 < 2ε.

Conclude that ∥fn − f∥2 → 0.
i) Conclude. We have shown that every Cauchy sequence in L2([a, b]) converges in
∥·∥2 to an element ofL2([a, b]). ThereforeL2([a, b]) is complete with respect to the
norm induced by the inner product, hence it is a Hilbert space.

38. Show that the spaceMm×n(R) (orMm×n(C)) endowed with the Frobenius inner prod-
uct

⟨A,B⟩ = tr(ABT) (real case), ⟨A,B⟩ = tr(AB∗) (complex case)

is a Hilbert space.

39. Work out the details of the examples on p. 573.

40. LetH be an inner product space.

a) Prove the Cauchy-Schwarz inequality: |⟨x, y⟩| ≤ ∥x∥ ∥y∥.
b) Deduce the triangle inequality ∥x+ y∥ ≤ ∥x∥+ ∥y∥ for the induced norm.

41. LetH be an inner product space. Prove the parallelogram identity: for all x, y ∈ H ,

∥x+ y∥2 + ∥x− y∥2 = 2∥x∥2 + 2∥y∥2.

42. LetH be an inner product space andM ⊆ H .
³Fatou’s Lemma: if (fn) is a sequence of measurable functions with fn ≥ 0, then∫

lim inf
n→∞

fn ≤ lim inf
n→∞

∫
fn.

(Integrals may take the value+∞.)
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a) Prove thatM⊥ is a linear subspace ofH .
b) Prove thatM ⊆ (M⊥)⊥.
c) IfM is a subspace, prove thatM⊥ is closed.

43. LetH = Rn with the standard inner product, and letM = span{u}where u ̸= 0.

a) Show that the unique minimizer of ∥x−m∥ overm ∈M is

PMx =
⟨x,u⟩
⟨u,u⟩

u.

b) Prove that x− PMx ∈M⊥.
c) Prove the Pythagorean identity ∥x∥2 = ∥PMx∥2 + ∥x− PMx∥2.

44. LetH be a Hilbert space andM ⊆ H a closed subspace. Assume thatm1,m2 ∈M both
minimize ∥x−m∥ overm ∈M . Prove thatm1 = m2.

45. Let H be a Hilbert space and let (xn) and (yn) be sequences in H with xn → x and
yn → y. Prove that ⟨xn, yn⟩ → ⟨x, y⟩.

46. Let (en) be an orthonormal sequence in a Hilbert spaceH . Is it the case that ⟨x, en⟩ → 0
as n→∞ for every x ∈ H?

47. Let (en) be an orthonormal sequence in a Hilbert spaceH . Assume that ⟨x, en⟩ = 0 for
all n implies x = 0. Is the linear span of {en} dense inH?

48. InH = L2([0, 1])with inner product ⟨f, g⟩ =
∫ 1

0
f(t)g(t) dt, letM = span{1}. Compute

the orthogonal projection of f(t) = t ontoM and compute theL2-distance from t toM .

49. If F : U → Rn is C1 on an open set U ⊆ Rn with a ∈ U and ifDF (a) is invertible, is F
globally one-to-one on U?

50. Let F : R2 → R2 be given by

F (x, y) = (ex cos y, ex sin y).

ComputeDF (0, 0) andverify it is invertible. Use the inverse function theoremtoexplain
why F has a C1 local inverse near (0, 0), and identify this local inverse explicitly.

51. Deϐine F : R2 → R2 by
F (x, y) = (ex cos y, ex sin y).

a) ComputeDF (x, y) and detDF (x, y).
b) Use the inverse function theorem to show thatF is locally invertible at every point

of R2.
c) Identify an explicit local inverse near a point (x0, y0) (in terms of log and an appro-

priate branch of the argument).
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52. Let F : U ⊆ Rn → Rn be C1 and assume that detDF (a) ̸= 0 for some a ∈ U .

a) Show that there exist neighbourhoods V of a andW of F (a) such that F : V → W
is a C1 bijection with a C1 inverse.

b) Prove that there exists c > 0 and a neighbourhood V0 ⊆ V of a such that

∥F (x)− F (z)∥ ≥ c ∥x− z∥ for all x, z ∈ V0.

(Hint: use continuity of (DF (x))−1 near a and the mean value formula.)

53. ConsiderG : R2 → R given byG(x, y) = x2 + y2 − 1.

a) Verify thatDyG(0, 1) ̸= 0.
b) Use the implicit function theorem to obtain a C1 function φ deϐined near x = 0

such thatG(x, φ(x)) ≡ 0 and φ(0) = 1.
c) Compute φ′(0) using the implicit differentiation formula.

54. Let G : Rn+m → Rm be C1, and suppose G(a,b) = 0 with (a,b) ∈ Rn × Rm. Assume
that them×mmatrixDyG(a,b) (the derivative with respect to the lastm variables) is
invertible.

a) State precisely what the inverse function theorem implies about solvingG(x, y) =
0 for y as a function of x near (a,b).

b) Show that the resulting functionφ satisϐiesφ(a) = b and computeDφ(a) in terms
ofDxG(a,b) andDyG(a,b).
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