Chapter 23

Borel-Lebesgue Integration

In this chapter, we present an extension of the theory of integration that
overcomes some of the issues associated with Riemann integration, and
show how to integrate multi-variate functions in this new framework.

One of the problems associated with Riemann integration (see Chapters 4 and 5) is that some
functions that should be integrable in any reasonable theory of integration fail to be so, for a
variety of reasons.

Examples

1. Consider the Dirichlet function xg : R — R defined by

0 R
XQ@:):{l e

We have seen in Chapter 4 that this function is not Riemann-integrable over
any interval [a, b], but ...it should be, right? R\Qis so much “bigger” than Q that
the first branch should dominate and give us an integral of 0. Unfortunately, it
doesn't.

2. Consider the function f : [0,1] — R defined by

_ - x¢€(0,1]
o= {F e

It is not Riemann-integrable on [0, 1] as it is not bounded on [0, 1], but it is
Riemann-integrable of [a, 1] forall 1 > a > 0 since it is continuous on [a, 1] for
alll > a > 0.
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Furthermore .
/ fdr = [2v/z], = 2(1 - Va).

Asa — 01, we see that

/1fdx%2(1—\/6)—2,

a

and we would at the very least consider an extension of Riemann integration
for which [ fda = 2.

3. The function g : [0, 00) — R defined by g(z) = e~* is not Riemann-integrable
on [0, oo) since the domain of integration cannot even be partitioned. But it is
clearly Riemann-integrable on [0, ], » > 0, since it is continuous on [0, n}; in

fact, .
/ e fdr=[-e"p=1—€e"
0
Since "
lim efdr=1lim(l—e")=1-0=1;
n—oo 0 n—oo
any extension of Riemann integration should at least give us fooo g=1 0

In this chapter, we will introduce an extension of the Riemann integral in which all of these
examples will work out as we think they should. The Lebesgue-Borel approach to integra-
tion views the problem from a different example:* fundamentally, instead of building vertical
boxes under the graph of f, we stack horizontal boxes under it. This conceptual shift has far-
ranging consequences.?

We will also extend our definition of the integral to multivariate domains (which is to say,
the functions we consider will be functions of R" to R). To help illustrate the concepts, we
will often work with functions f : A C R* — R_, where f is bounded (as a function), as is
A (as a set). By analogy to the 1-dimensional case, we will want to define

1=//Af<x,y>dxdy

1=Vol({(z.y.1) | (z.9) € A, 0 <t < f(,y)}),

There are other approaches: improper Riemann integration and generalized Riemann integration,
say, but we will not be touching on those.

*It does not resolve all difficulties, however: there are differentiable functions F' : [a,b] — R for which F”
is not Lebesgue-integrable and some important improper integrals do not exist, for instance.

so that
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CHAPTER 23. BOREL-LEBESGUE INTEGRATION

23.1 Borel Sets and Borel Functions

Generally speaking, the Borel subsets of R" are the o —algebra of subsets for which we know
how to compute the length, and/or the surface area, and/or the volume, and so on.3

Formally, a c—algebra G of R" is a collection of subsets of R" such that
1. A, Ag,. Ay, €6 = |5, 40 € 6,and
2. Ac 6 = A°=R"\AecG.
Consequently (see exercises),
1L A Ay, A, €6 = (N5, 4, €6
2. AABeEeSG = ANB°e S, and
3. g,R" € &.
Examples

1. The power set p(R") is the largest c—algebra of R”, since the union of any
collection subsets of R" is itself a subset of R", and since the complement of
any subset of R" is also a subset of R".

2. The standard topology 7 = {U C R" | U C R"} is not a c—algebra of R”
since the complement of the open ball of radius 1 centered at the origin, say,
is not open in R" (see Part IV).

3. 6o(R™) = {R", &} is the smallest c—algebra of R™. O

Note that & of R” is a subset of p(R™).

Proposition 286
If (8G;);>1 1s a collection of c—algebras of R™ then & = ﬂiZl S, is a o—algebra of R™.

Proof:

1. Suppose Ay,...,A,... € &.Then, Ay,..., A,,... € &;Vi. But, §;isa oc—
algebra for all i so that J, ., A, € &; Vi. Then, ., A, € ;5,6 = 6.

2. Suppose A € G then we have that A € &; Vi. But G; is a o — algebra so that
A€ Vi = A°€(),,6,=6. |

3We only present a restricted version of the Borel-Lebesgue theory of integration; the full version is built on
measurable subsets of R”, where the measure generalizes the notions of of length, surface area, volume, etc.
to “not-as-nice” geometric subsets of R™ (a feature of the theory is that not every subset of R™ is measurable).
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23.1. BOREL SETS AND BOREL FUNCTIONS

The standard topology is not a c—algebra of R, but since 7 € p(R"), there is at least one
o-algebra containing the open sets of R”. The Borel oc—algebra of R" is the intersection of
all o—algebras containing the open sets of R", we denote it by:

B=BR") = ()6
rCEEep(R")

An element of B is called a Borel set of R™.

Just about every subset of R™ that we encounter in practice is a Borel set:

= every open subset of R” is a Borel set of R™;

= every closed subset of R" is a Borel set of R";

» any set built via unions, intersections, and complements with open sets and/or closed
sets is a Borel set of R".

Theorem 287
Let B = B(R?). There exists a unique function Area : B — [0, oc| such that:

1. Area(A) >0, VA€ B

2. ifAy,..., A,, ... € Bare pairwise disjoint then:

Area (U An> = ZArea(An)

n>1 n>1

3. Area([a,d’] x [b,V]) = (a' — a)(V/ —b).

The area function whose existence is guaranteed by theorem 287 corresponds to our intuition
of area in R?, but such a function cannot be defined on the entirety of p(R?) (see the Banach-
Tarski paradox).*

Theorem 288
Let A, B € B(R?) such that A C B, then Area(A) < Area(B).

Proof: by definition B = (AN B) U (A°N B) = AU (B\A°) where B\A® € B(R").
Hence, we have

Area(B) = Area(A) + Area(B\A®) > Area(A),

which completes the proof. [

We can extend Theorem 287.2 to not necessarily pairwise disjoint Borel sets.

*Proving the existence of the function and of a set whose area cannot be measured is rather difficult and is
properly tackled in advanced measure theory courses.
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CHAPTER 23. BOREL-LEBESGUE INTEGRATION

Theorem 289
Let Ay, Ay, ..., Ay, ... € B(R?). Then Area({J,», An) < >°,5, Area(A,).

Proof: construct the sequence A/, € B(IR?) as follows:
1. A = Ay;
2. A = Ay N A
3. Ay = A3 N (A U Ay)S, etc.

The process is illustrated below on A, A5, As.

Al = A’1

A’y

As A'g
Then A}, ..., A, ... € B(R?) are pairwise disjoint and

AjUAU...UA, =AlUALU...UA,
foralln > 1. Since A, C A, Vn > 1. Then

Area (U An> = Area (U A;) = ZArea(A;) < ZArea(An),

n>1 n>1 n>1 n>1

which completes the proof. [ |

We say that B C R? has a (2D) measure 0 if Ve > 0, there is a cover
{R1,Rs,...,Ry,...}

of B by rectangles R,, = [a,, a,| X [b,,b),] with a,, < a/, and b,, < ¥/, for all n > 1, such that

Z Area(R,) < .

n>1
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23.1. BOREL SETS AND BOREL FUNCTIONS

Examples

1. Show that B = R x {b} has a 2D measure 0 for any choice of b € R.

Proof: let ¢ > 0 and set

g g
n — |1, b— ’b }’
By = [=n,n] X [ onant2 Ut one

Then Area(R,) = 2n - .55 = 557 foralln € N,and B C {5, Ry, so that

1
0<Area(B) <) (Rp)=c) ooy <c

n>1 n>1

As ¢ > 0 is arbitrary, Area(B) = 0. [
2. St ={(z,y) | z* + y* = 1} has 2D measure 0.
3. Show that Area((a,a’) x (b,b")) = Area([a, a’] x [b,V']).

Proof: write
[a,d’|x[b,b] = (a,a’)x (b, )H{a}x[b,b]U{a’} x[b,b]U[a, a’'| x {b}U[a, a’]| x{b'}.

Each of the components [, x| x {x} are subsets of R x {x}, so that they have
2D area 0 (and similarly for the components {*} X [x, *]). Thus

Area([a,a'|x[b,V']) < Area((a,a’) x (b,b"))+0+0+0+0 = Area((a,a’) x (b,1")).

But Area((a,a’) x (b,b")) < Area([a, da’] x [b,V']) since (a,a’) x (b,V') C [a, d’] X
[b,b'], so Area((a,a’) x (b)) = Area([ a'l x [b,V]). [ |

4. Show that every finite subset B C R? has 2D measure 0.

Proof: let B = {(x1,11),...(Tn,yn)} and € > 0. Pick:

* aclosed rectangle R, with Area(R;) = § and (z1,y1) € Ry;
= aclosed rectangle R, with Area(R;) = 55 and (22, y2) € Ry;

* aclosed rectangle R, with Area(R,,) = 5 and (2, y») € Ry;

= for m > n, any closed rectangle with Area(R,,) = 557 will do.

Then B C {J,,~, It and

ZArea(Rm) = Z 27:;1 <e,

m>1 m>1

which completes the proof. |
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CHAPTER 23. BOREL-LEBESGUE INTEGRATION

5. Every countable subset of R? has 2D measure 0.

6. Let o : [0,1] — R? be continuous and such that there exists M > 0 with
le(s) = ()]l < Mls —t| Vs, €0, 1].
Then ¢([0, 1]) has 2D measure 0.
Proof: recall that ||(z1, 23)||cc = max{|z1|,|z2|}. Forall N > 1, let
O=ty<ti <---<ty=1,
witht; = . Lets;, s; € [t;_1,t;]. By hypothesis,

M

< .
- N

1—1 1

N N

lo(si) = o(si)lloc < Mlsi — 55| < Mltiq —ti| <M

Thus, there exists a square I; C R? whose sides have length % such that
©([ti—1,t;]) C I;. By construction, forall 1 < i < N we have

4> Y 4>
Area(l;) = and ZArea(Ii) = :
i=1

N2 N

Lete > 0 and select N > %. Going through the above procedure yields a
sequence of rectangles R; = [; for 1 < i < N;forn > N, set R, = {x} C R?,
a singleton square of area 0. Then

©([0,1]) C URZ- — ZArea(Rl-) = 4]]\\742 <e,

i>1

which completes the proof. [

In the rest of this section, we introduce the class of functions f : R> — R for which we may
expect that

/ f(z,y)dzdy € R
R2

exists.> As we see below, we cannot untangle the function rule from its domain. If A € B(R?),
let the characteristic function y 4 : R? — R be defined by

)0 if(z,y) g A
XA(x’y)_{l if (x,y) € A

>The set R = R U {oo} is the one-point compactification of R (see Section 17.4).
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23.1. BOREL SETS AND BOREL FUNCTIONS

Characteristic functions are the building blocks of Borel-Lebesgue integrable functions;
their integral is easy to obtain. Let k € R; if f : R> — R is defined by f(z,y) = k - xa(z,y),
then the Borel-Lebesgue integral of f over R? is

//R2fdxdy:k:~Area(A) €R.

A function f : R? — Rissimpleif3A;,..., A, € B(R?) and a4, ..., a, € R such that
R2:A1|_|A2|_||JA” and f

Ay = Q45
inthatcase, f = >\ | a;xa;-
Examples (SIMPLE FUNCTIONS)
1. If f(z,y) = kforall (z,y) € R? then f is a simple function.
2. If f=>"" aixa, then |f| =>""  |a;|xa, is a simple function.
3. If f =3"1_, aixa, and g = > 7" | b;xp, are simple functions, then
a) R=[], 2 Ain Bj;
b) f+g=>"" >/ (a +bj)xa,ns, is a simple function, and
) fg=>_1_1 > )1 aibj Xa,ns, is a simple function. O

A Borel function is a function f : R? — R for which
E] = {(x.y) | f(x,y) < d} € B(R?), VdeR.

We illustrate the concept below, for a function over R.

y=fk)

Since every subset of R? we encounter in practice is a Borel set, every function f : R? — R
we encounter in practice is a Borel function.®

SIt is in fact rather difficult to construct a non-Borel function, although they do exist.
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CHAPTER 23. BOREL-LEBESGUE INTEGRATION

Proposition 289
Let f, g : R? — R be Borel functions. Then, |f|, f + g, fg are also Borel functions.

Proof: we prove the result only for | f|; the proof for the other two functions is left
as an exercise. Write z = (z,y) € R?. Then, we want to show

EN'={zeR?||f(2)| <d} € BR> VdeR
1. ifd < 0, then Bl = & € B(R?);
2. ifd > 0, then

Efl = {z] —d< f(z) <d} = {z| =d < f(2)} N {z | f(2) < d}
={z|=d < f()} N E] ={z| f(z) < —d}*N E]

= (U E{d_1> NE].

n>1

But f is a Borel function, so E7, Efd_l € B(R?) foralln > 1. This implies that

n

U Eid,% S B(R2)7
n>1

as B(R?) is a c—algebra, and so that

R?\ (U Ef) c B(R?)

for the same reason; hence Ellf‘ € B(R?). |

We can approximate positive-valued Borel functions with simple functions.

Theorem 290
Let f : R? — [0, 00] be a Borel function; then there is a sequence ( f,,) of simple func-
tions such that:

1. Vz € R? f.(2) — f(z), and
2.0< f, < f,foralln > 1.
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23.1. BOREL SETS AND BOREL FUNCTIONS

Proof: we provide a proof for f : R — [0, cc]; the proof for functions on R* is
identical, but the simpler case is easier to illustrate.

We build the sequence ( f,,) as follows.

1. For fi, write
R = {x

and set

1
flIO'XAi—i_iXA%—i_l'XAlJ A%,A%,AIEB(R2).

2. For f,, write

e

1=1

@< g [ugl sz - (IJA%>UA2,

~ A2
A7
and set .
Z' _
2= 53 Xaz +2Xa2
i=1
\ - - 4‘-’
o + '; -
F
4 £
A
i

n. For f,, write A" = {z | f(x) > n} and

2n 2n

] .
gf(x)<i}, forl1 <¢<n-2".

We then have R = <|_|”2 A”) A" Set f,, = >0 21 on XA" + N Xan.
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CHAPTER 23. BOREL-LEBESGUE INTEGRATION
By construction, each f,, is simple and
0< fi(z) < folz) <+ < fule) <--- < fa) Vo eR

1. If f(z) = 0o, thenz € A™ foralln > 1, whence f,(z) =n — 0o = f(z)

2. If f(x) < oo, then for n > f(z), there exists 1 < ¢ < u < n-2" such that

1 —1 i
< —.
<)<
In that case x € A} and
1—1 1
) fu) = |10 = 5| < 35 0
which completes the proof. [ |

23.2 Integral of Simple Functions

Let f = S°F | a;xa, be a simple function R? — [0, o0], that is, a; € [0, 00] for 1 < i < k and
= A; U --- U A,. Since simple functions are finite linear combinations of characteristic
functions, we define the integral of a simple function as

k
/ f(z,y)dzdy = Z a; - Area(A;) € [0, o0]
R? i=1

(in the Borel-Lebesgue theory of integration, we have 0- (+-00) = 0, by convention). But there
might be multiple ways to write a simple function as a sum of characteristic functions: if

k m
f=> aixa =Y Bixs,
i=1 Jj=1

is the integral the same in both cases? Foreach 1 < i < k,let J; = {j | 5; = a;}. Then

Z B - Area(B Z Z B; - Area(B Z o Z Area(B

=1 jeJ; JjE€J;
k k

= Zai - Area <|_| Bj> = Zai - Area(A
i=1 jed; =

In what follows, we denote the set of simple functions on R” by (™) and the set of positive
simple functions on R" by CJ(F”)
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23.2. INTEGRAL OF SIMPLE FUNCTIONS
Lemma 291
Let f,g € Cf), a > 0. Then:
1. ffR2 afdrdy = affR2 fdxdy;
2. [[oo(f+g)dxdy = [[ fdzdy + [[p. gdzdy, and
3. if f < gonR? then [[o, fdedy < [[o. gdady.

Proof: note that the results hold over general multi-dimensional spaces, but we re-
strict the demonstration to R2.

1. The first statement is clear; its proof is left as an exercise.

2. If f =37 cixa,and g = 377", Bjxp, then f + g = Z(ai + Bj)Xa,nB; and

i,J
/ (f+9) dmdy—Z(afl—B]) Area(A; N By)
R? 7

= a;-Area(A; N B;) + > _ B; - Area(4; N By)

i3 2%
= i Q; i Area(A; N B;) + i B iArea(Ai N B;)
=1 j=1 j=1 =1
:iai~Area Aiﬂ<|i| ) Bﬂ(l_lA)
=1 Jj=1
= «; - Area(A Y B, - Area(B;) = fdzdy + gdxdy
-3 oot + 3y wva(sy = [ rasav ]
=

+ Z B; - Area

3. If f<gonR?theng— f € Q(f) and

//1&2:/Rz[f+(g_f)]dzdy:/RQfdxdy+//RQ(Q_f)dxd?/Z/R2fd$dy,

g

>0

sinceg — f > 0. |

The first two properties of Lemma 291 indicate that the integral of a simple function behaves
as a linear operator on the set of positive simple functions on R™.”

“We cannot say “over the vector space of positive simple functions” since CJ(F") is not a vector space over R...
but ¢ (1) is, however.
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CHAPTER 23. BOREL-LEBESGUE INTEGRATION

Furthermore, if f = x4, A € B(R?), then [ fdzdy = Area(A).®

As mentioned in the proof of Lemma 291, we can generalize the notion of the integral of pos-
itive simple functions directly to higher dimensions. For instance, if f : R? - R € Cf’), then

¢ ¢
// f(z,y,z)dzdydz = /// > qxa, drdydz = - Vol(Ay),
RS R k=1 k=1

and so on withn > 3:
/---/f(a:l,...,xn)dxl...dxn

if f : R" — Risin ¢,

23.3 Integral of Positive Borel Functions

Of course, the overwhelming majority of functions on R" are not simple positive functions;
but large classes of non-negative functions can be approximated by simple functions (as we
have seen Theorem 290). If f is a positive Borel function of R? to [0, oc], its Borel-Lebesgue

integral
J[ st drdy = sup {//sdxdy sgf};
sECf)

this definition can be extended to higher-dimensional domains in the obvious way. We illus-
trate how it applies in practice with a deceptively complicated example.

Example: using the definition, find [ f dz dy, where

Jx+y if(z,y) €[0,1)?
fw,y) = {O otherwise

Solution: the function is shown below.

8When the context is clear, we may omit the domain of integration.
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23.3. INTEGRAL OF POSITIVE BOREL FUNCTIONS

We start by building the sequence of positive simple functions

$1<. . <sp <. <f

from Theorem 290.

Forn = 1, we have:

- Al={(2,9) |0 < fla,y) <2} = (@) |0 < o +y < 1} N[0, 1) U R\ [0, 1)%),
s Ay ={(2.y) | L < fay) < 1) ={(@,y) | § <o +y <1} [0,1%and

« A= {(a,9) | fa.y) > 1} = {(x,y) | 2 +y > 1} N[0, 1] (see below).

P S EHUSROUIN. N SURORNS HUSUURUOE SUUORUPRE SUURUORION SRNORORN NSRS SU N

(1 S S

(1)) S SUS—

05

03 R G HA— -

The first simple approximation is thus

1
s1=0-xar+ 5 Xap 1 xar,

whose graph is shown below:

0 o -
02 03 04’ 05 45 o7 08 g3 1
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CHAPTER 23. BOREL-LEBESGUE INTEGRATION
We then have

// si1(x,y)dzdy = 0 - Area(A]) + % - Area(A}) + 1 - Area(A'),
whose value we leave un-evaluated.

For n = 2, we have

= Al ={(z,9) [0 < flz,y) < 3} = {(2,9) [0 <z +y < 3} N[0,1]) U R\ [0,1]%),
= A ={y) ;< fley) <3 ={y|;<z+y<3}1n[0,17
= A ={zy < flay) <P ={@y|;<aty<iIno1],
= Al ={(zy) | § < flry) <F={lry | ] <e+y<1in01]
A ={y ;< fley) <P={y[l1<a+y<iIn01]
= A ={(y) | § < fley) < ={(wy) | §<e+y<3Ino1p
= A ={(zy) | § < flry) < ={l,y |5 <e+y<iin(01]
s A ={(y) | ;< flay) <f={lzy) | <z+y<8N[0,1and
» A% ={(1,1)} (see below).

: \\\

HEAN

......... \\\

TN

2(2%) | 8 .
17— 1—1
s5=) 5 X4z 2 x4z =) 1 Xazt 2 Xa,
i=1 i=1

whose graph is shown on the next page:
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23.3. INTEGRAL OF POSITIVE BOREL FUNCTIONS

0a—t
06—

04—

- SR

We then have

8

----------

0a

// So(z,y)drdy = Z % - Area(A?) + 2 - Area(A?),

i=1

whose value we again leave un-evaluated.

The process continues in the same way for all n, yielding a sequence of posi-
tive simple functions.

Analysis and Topology Course Notes



CHAPTER 23. BOREL-LEBESGUE INTEGRATION

At step n, we have:
= A= ({(z,y) [0 <o +y <5} N[0, 1) U (R*\ [0,1]),
s AP ={(z,y) | S <z+y<&}N[0,1]*for2 <i < 2mt
= A% ={(1,1)}and A" = A? = @ for j > 2" 4 L.

Then the nth simple approximation is

n-2" . ontl |
1—1 1—1
Sn:Z on 'XAi+n'XAn=Z on 'XA;L+2'XA;H1+1,
=1 =1
so that
2n+1 . 1
// Sp(z,y) dedy = Z 22—n -Area(A}) + 2 - Area(A% 1 ,4)
VAL 1 antl 1
= Z : o -Area(A}) + | Z 22_n - Area(A}).
=1 1=2"41
We can show (see Exercises) that
Li-1) forl1 <i<2n

Area(A}) =< 4"
() {4%(2%—@'—%) for2m +1 <i<2mtt

In general, then, we have:

2n . 2n+1 .
i—1 1 1 i—1 1 1
n drdy = — == ot
//s (z,y) dz dy ; onam (l 2) +i_;:+l on 4n( 1 2)
1 2m 2n+1
= ' ; ~ ntl
= S LZl(z —1)(i—1/2) + ;(z (et - 1/2>]
1 1
=lmam T

Write B,, = [[ s, dx dy; we clearly have B,, < 1 forall n, and B,, — 1. Then

//f(w,y) dwdy:sup{//S(x,y)d% dy

For s € C(f), we have seen that

// s(z,y)dedy = zm: a; - Area(4;),

sECf),sgf} > 1= lim B,.

n—oo
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23.3. INTEGRAL OF POSITIVE BOREL FUNCTIONS

and so the integral represents the volume of a collection of m prisms with base area
A; and height ;. By construction,

// s(z,y) dr dy < Volume(solid bounded by 0 < z,y < 1land0 < z < z +y).

We cannot compute the volume using integrals as we have not yet established that
the integral of a general positive Borel function over a domain A is the volume of
the solid bounded by f over A, but we see easily that the solid in question is exactly
the bottom half of the prism defined by 0 < z,y < 1and 0 < z < 2, whose volume
we know to be 2, from geometry (see the bottom image on p. 501).

By definition, we must then have

sup {// s(z,y) dx, dy

which, combined with the previous inequality, shows that

//f(x,y) drdy = 1.

Phew! O

1
86<i2)78§f}§§(2)_17

If f € (f), both definitions coincide: i.e, if f = > a;x4,, with a; € R, A; € B(R?), and
A U---UA, =R? then

// (o, y) dody — z:: 0 - Area(A;) — I(f) = sup {// s(z,y) dz dy

Indeed, if f € Cf), we have [[ f(z,y)dxdy < I(f). Onthe other hand, if s € Cf), with s < f,

then
[[swnaray< [[ s aray

according to Lemma 291.3, from which we conclude that

I(f) = sup{//s<x,y> dudy|se?,s < f} < [[ Hemaeay <105

The next result shows that Lemma 291.3 also applies to positive Borel functions.

secf),ssf}-

Proposition 292
If f, g are positive Borel functions and if f < g, then

//fdxdyg//gdmdy.
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Proof: if f < g, then {s € Cf) |s< f}C{se Cf) | s < g} whence
{[[sandeay|se sz} [[somaray|secs<a)
So that
sup{//s(x,y)dxdy segf),sgf} gsup{//s(x,y)dxdy segf),sgg}
[ |

One might wonder why exactly we bothered to introduce the Borel-Lebesgue integral — while
going from Riemann sums to simple functions does change our viewpoint of integration, are
the corresponding integrals equivalent, or is one “preferable” over the other?

Theorem 293 (LEBESGUE MONOTONE CONVERGENCE THEOREM)
Let (f)n>1 be a sequence of Borel functions on R? such that

1. 0< fl(x7y) < fQ(xvy) < < fn<x7y) < - V(.’L’,y) € RQ! and
2. fulz,y) = flz,y) Y(z,y) € R~

Then f is a Borel function on R* and ([ f,(z,y)dxdy — [[ f(x,y)dxdy. In partic-
ular, [[ fdxdy = lim,_,« [[ s, dz dy, whenever (s,) is a monotonically increasing
sequence of positive simple functions bounded above by f, with s,, — f (pointwise).

Proof: left as a (difficult) exercise. [}

Theorem 293 suggests that the new definition has a clear advantage: what additional con-
straint does the equivalent limit interchange theorem 69 of Riemann integration require?

Corollary 294
Let f, g : R* — [0, o] be Borel functions and o > 0. Then

1. [[(f+g)dady = [[ fdzdy+ [[ gdzdy,
2. [[afdedy=a [[fdxdy.

Proof: left as an exercise. H.

From this point on, in order to not have to rely on the notation of iterated integrals, we write

/fdm:/-~-/f(:cl,...,xn)dxl---dxn

and m(B) for the measure of B C R" (a generalization of the length, area, volume).
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Theorem 295
Let f be a positive Borel function, taking on the value 0 outside of a Borel set A with
Area(A) = 0. Then [[ fdxdy = 0.

Proof: let

THen k € Cf) and
/kdm::O-Area(Rz\A)+oo-Area(A) =0-00+00-0=0,
by convention. Since f < k, then

Og/fdmg/kdmzo,

which completes the proof. |

We say that a positive Borel function f is (Borel-Lebesgue) integrable if [ fdm < oco. If
f > 0is integrable and g < f is a Borel function, then

o> [ fam= [gam+ [(7 =gz [gam

and so g is also integrable. This result definitely does not hold in general for Riemann inte-
gration.’

Theorem 296
Let g be a bounded positive Borel function, taking on the value 0 outside a bounded
Borel set A. Then g is integrable.

Proof: let M be such that g(z) < M. By definition, 3B = [ay,d}| X [ag,d))]
such that A C Band g(z) =0ifz ¢ B. Then g < Mxp and

/gdmg/MXBdm—M-Area(XB) < 00,

which completes the proof. |

We can extend the idea to general Borel functions using the positive and negative parts.

Note that the Riemann and Borel-Lebesgue integral coincide when the former exists.

°Can you think of a counterexample?

508 Analysis and Topology Course Notes



CHAPTER 23. BOREL-LEBESGUE INTEGRATION

23.4 Integral of Borel Functions

For a general function f : R” — R, define the positive part of f by

[ f(z) when f(z)>0
fel®) = {0 when f(z) < 0,

and the negative part of f by

_[~f(x) when f(x) <0
f-(2) = {O when f(z) > 0.

Then f = f, — f_and |f| = fi + /.

If f : R" — Ris a finite Borel function, then f,, f_ are positive Borel functions, by defini-
tion. A Borel function f : R — R is integrable if both f, and f_ are integrable. In this case,

we define
/fdmz/j}dm—/fdm.

We see now that Lemma 291 has a counterpart for Borel functions.

Theorem 297
Let f, g be integrable functions and \ € R. Then

1. [Afdm=A[fdm,
2. [(f+g)dm= [fdm+ [gdm,and
3. If f < gthen [ fdm < [ gdm.

Proof: since f, g are integrable, we have

/fdm:/f+dm—/fdm<oo, and /gdm:/g+dm—/gdm<oo.

1. Assume X\ > 0. Then

oo>)\/fdm:)\</f+dm—/f_dm):)\/f+dm—)\/f_dm

‘Corollary294‘://\f+dm—/)\f_dm:/()\f)+dm—/(/\f)+dm

:/)\fdm,

which simultaneously shows that A\ f is integrable.
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The only thing left to do is to show that the property holds for A — 1. Note that
(—f)+ = f- and that (—f_) = f,, so that — f is itself integrable. Then

—/fdm:—/f+dm+/f_dmz/f—dm—/f+dm
~ [petm— [-n-am= [-pam

because — f is integrable.

2. By definition, we have

frog=0Us—f)+ 9+ —9-)=(f++9+)— (f-+9g-)

According to the second solved problem (see p. 520), f + g is thus integrable
and

[t +gram= [+ 90— (7 + 9] dm
=/<f++g+)dm—/<f+g)dm

’Corollary294‘:/f+dm+/g+dm—/f_dm—/g_dm:/fdm+/gdm.

3. Sinceg— f >0and g = f + (g — f), we have

[oam=[ram+ [g-sam= [ ram,

according to Corollary 294 and Proposition 292. |

ThesetV, = {f : R" — R | f finite, Borel, integrable} is a vector space over R; the integral
of f over R" is a linear functional, which is to say that

/ —dm:V, —-R

is a linear functional.

Theorem 298
Let B € B(R™), with m(B) = 0. If f, g are Borel functions such that f = gon R" \ B
and if f is integrable, then g is integrable and [ f dm = [ gdm.
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Proof: the functions f — g is a Borel function with f — ¢ = 0 on R" \ B. Since
f=g+(f—g),wehave

[ram=[gam+ [(r-gam

Write h = f — g; then [ hdm = 0. Since hy,h_ = 0 onR" \ B, we must have

/h+dm:/hdm:0,

according to Theorem 295. Then

/hdm /h+dm /h dmn =0 and /fdm /gdm—O———>/fdm /gdm,

which completes the proof.

23.5 Integration Over a Subset

To this point, we have studied integration over R" in its entirety:

/fdm:/fdmA.

But we can also integrate functions over substes of R". Let A € B(R")and f : A C R" — R.
If the function fx4 : R — R defined by

flz) z€A

(fxa)(z) = {0 rd A

is a Borel function and if fx4 > 0 or fy 4 is integrable, we define

/AfdmszxAdm.

We can show (see Exercises and Theorem 296) that if f is bounded on A and fx 4 is a Borel
function, then fy,4 is integrable. When [ . fdm < oo, we say that f is integrable on A.

Theorem 299
Let A, B € B(R"), An B = @. If f is a Borel function on AU B, then

1 I_ff Z Ol fAUdem: fAfdm+fodm,and
2. fisintegrable over AU B if and only if f is integrable over A and B.

Proof: left as an exercise. [ |

If m(B) = 0, then [, f dm = 0. In that case fdm:/fdm.
AUB A
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23.6 Multiple Integrals

The example of Section 21.4 shows that while we can compute the (Borel-Lebesgue) inte-
gral of a relatively straightforward integrand f, the process can leave a lot to be desired.*®
Let f : R? — R be a bounded Borel function, that is 0 outside of a bounded region. For all
y € R, x — f(x,y) is a Borel bounded function that is 0 outside of a bounded subset of R,
hence x — f(z,y) is integrable.

Theorem 300 (FUBINI'S THEOREM)
Let f : R* — [0, oc] be a Borel function. For every y, let F(y) = [, f(z,y) dz. Then F
is a Borel function and

/RQfdmz/RQf(x’y)dxdy:/ dy—/(/fxy )

Proof: left as an exercise. [ |

Similarly, if G(z) = [, f(z,y) dz, we have

/RQfdm [ dx—A(Af(x,y)dy>dx,

Example: let f : R? — [0, oo] be defined by f(z,y) = (v + y)~*, where A C R?is
the triangle bounded by x = 1, y = 1, and = + y = 4. Compute fA fdm.

Solution: the triangle’s three vertices are located at (1,1), (1,3), and (3,1).
For a fixed x € R, we have

x>:/ﬂgf(ﬂfuy)dy={o o HeglLs

f[1 4—q] (z+y)~*dy otherwise

But

y=4—zx

d 4—x —-379= 1)-3 1
/ y 4:/ (Hy)—my:{(“w ] R
[1,4—2] (z+y) 1 -3 3 192

y=1

from which we have

T =

19As in the previous sections, we will provide the important details for functions R? — R; the process is easy
to generalize to R".
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If f is a positive Borel function, we can interchange the order of integration (as in Theorem
300); for general functions, there are complications. One way out of the quagmire is to decom-
pose f = f, — f_andto integrate f, and f_ separately, but that can quickly get cumbersome.

Theorem 301 (SPECIAL FUBINI THEOREM)

Let f : R? — R be a bounded Borel function taking on the value 0 outside of a bounded
region. Forally, x — f(z,y)isa bounded Borelfunction taking on the value 0 outside
of a bounded subset of R. Set F'(y) = [, f(x,y) dx. Then F'is a bounded Borel function
and

o A= Rz,f(x’y)dxdy:AF(y)dQZAG(x)dx.

Proof: by hypothesis, IM, N > 0 such that |f(z,y)] < M for all (z,y) € R* and
f(z,y) = 0forall (z,y) & [-N, N]*.

For a fixed y = yo, * — f(x,40) is a Borel function, with |f(z,y0)] < M for
all z (and yo) and f(z,yo) = O when || > N. If |yo| > N, F(yo) = 0; more generally,

N
|F(y0)|§/ Mdz = 2MN,
N

so it is bounded.

[t remains to see that F is a Borel function and that conclusion of the theo-

rem holds. Using the decomposition f = f, — f_, we reduce the problem to
the case f > 0; it then suffices to apply Theorem 300 to each of the positive and
negative parts of f, completing the proof. [ |

The result generalizes to R” in the natural way.
Example: Let f : A C R?® — R be defined by f(z,y, 2) = 2zyz - xa(x,v, z), where

A={(z,y,2) |2>0,y >0,2>0,2%+ ¢+ 2*> < 1}.

I:/fdm:///Rgf(x,y,z)dxdydz.

Solution: let B = {(z,y,2) | 2> +y*> < 1,2 > 0,y > 0,z = 0}. For fixed z,y € R?,
we have

Compute

. 2 y if (z,y,0) ¢ B
(az,y)—/R zyz - xa(®,y,2)dz = f[o 7 2ryzdz if(2,4,0) € B
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Since
.2 2=/ 1—a2—y2
2xyzdz = 2xy [5] = ay(l — 2% — y?),
z=0

2

/ 1—a22—y
0

the desired integral is

[://RZF(m,y)dmdy://Bxy(l—x2—y2)d:pdy.

We can decompose this double integral as follows: for 0 < x < 1, set

Vi—z2 T
G(z) =/ zy(l—2® —y?)dy = Z(l—xz)Q;
0

otherwise, set G(z) = 0. Then

1
I—/G / x(1—25)%dz = —. O

In general, if D C R" is a Borel set, then

m(D) = [ xodm

Area(D) = //Rz xp(z,y) dz dy;
Vol(D) — / / /]R (a9, ) drdyd.

1. Leta,b > 0. Find the area of the ellipse A = {(z,y) € R? | 2%/a® +4*/V* < 1}.

If n = 2, this takes the form

if n = 3, we have

Examples

Solution: rewrite

b b
A= {(:B,y) eER?|—a<z<a—Va2—22<y< —\/aQ—xZ}.
a a

Area(A) = //R2 Xa(z,y)dzdy = /i (/R xa(z,y) dy) dz

Then
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But
/ (e.y)d 0 ifr & [—a,d
Z, = ava?—z? .
RXA v fbé/amd 2y/a? — 22 ifz € [—a,d]
Then
20 [
Area(A) = — Va? —z?dz
a =—a
. 20 .
T = acosy, da::—asmgodgo‘:— \/a2 — cos? p)(—asiny)dy
a Jpern
N T
= a”sin” pdy = 2ab sin“ pdep
™ 0

T(1-— 2 in2p]"
= 2ab/ (—COS SO) dp = ab {gp _ SO} = mab.
0 2 2 ],

2. Leta,b,c>0and E = {(x,y,2) | #2/a* + y*/b* + 2% /c* < 1}. Find Vol(E).

Solution: we have

Vol(E) = ///R3 Xe(z,y,z)dedydz = /_i <//R2 xe(x,y, 2) dxdy) dz,

~
=Area(FE>)

where

Ez = {(l’,y)
where h = /1 — 22/¢? > 0.

According to the preceding example, we know that

(Y] [\
+
o'|<@
Do [\
+
wl o
|
—_
H,—/
I
—
8
s
=
SIS
(Y]
+
=
<
| e
(Y]
IN
—_
——

Area(E.,) = w(ah)(bh) = mabh* = mab(1 — 2*/c?)

when |z| < ¢, so that

c 2 3 7z2=c¢ 4
Vol(E) = / mwab (1 — Z—) dz = mab [z - Z—] = T abe. O

c? 3c?

—C

We finish the chapter with some detail regarding one of the most commonly-used integration
shortcuts: changes of variables.
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23.7 Change of Variables and/or Coordinates

In the preceding section’s example where we compute the area of an ellipse, we encounter an
integral in = which we cannot compute directly; instead we introduce a new variable ¢ and
arelation between x and ¢ that we leverage to easily compute the integral. We formalize the
process in this section.

LetV : U Cp R* — V Cp R be a diffeomorphism; thus, ¥ and ¥~ are C!, Vo U1 (v) = v,
U~! o ¥(u) = u, the Jacobians d¥ (u),d¥~!(v) : R — R" are linear maps and

d(W o U H(v) = d¥ (¥ 1 (v)d¥ (v) = I,,

forallu € U,v € V, which means that d¥(u) and d¥ ! (v) are invertible forallu € U,v € V.

Examples

1. Forn = 1, defineV¥ : U = (0,7) — V = (—1,1) by ¥(u) = cosu. Then
dV¥(u) = —sinu < Oforallu € (0,7), i.e, ¥ is decreasing on (0, 7), with
U(0) =1land ¥(7r) = —1.

2. Forn = 1,letU = V = (0,1) and define ¥ : U — V by ¥(u) = u?. Then
d¥(u) = 2u > Oforallu € U, ie, V is increasing on U, with ¥(0) = 0 and
U(l) =1.

3. Forn=2letU ={(r,0) |r>0and —7 <0 <7}, V=R?\{(z,0) | <0},
and define ¥(r,0) = (r cosf,r sind). Then

cos sin @
—rsinfd rcosf /)’

dU(r,0) = <

Note that Jy(r, ) = det(d¥) = r cos?§ + rsin?f = r > 0 and that ¥ is:
* injective since if ¥(ry,6;) = ¥(ry, 02), then
1 = [[®(ry, 00)[[2 = 19 (r2, 02)[]2 = ra

and cos ; = cosfy and sin §; = sin b, yields 0, = 6, € (—m, 7);
» surjective since if (z,y) € V,setr = /22 + y2 > 0; then

.172 2 2 2
T T

5 — z =rcosf,y =rsinf forsomef € (—m,n].
,

Butif§ = 7w, thenx = —r and y = 0, so that (z,y) ¢ V, a contradiction;
thus 0 € (—m, 7).
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Thus ¥ : U — V is a bijection; its inverse is U~! : V — U is defined by
U~1(z,y) = (r,0), as given on the previous page. It is easy to verify that ¥ o
U~1:V — Visthe identity, as

V(U 2, y)) = V(22 + 92, 0) = U(r,0) = (rcosd,rsinf) = (x,y).

Both ¥ and U~! are C'! and the Jacobians d¥(r,#) and d¥U~!(x,y) are invert-
ible (see Exercises); as such, V¥ is a diffeomorphism between U and V. In this
particular case, we can express 6 explicitly in terms of (x, y):

0e(—mm) = g € ( u 7T> — cos(f/2) #

272
then
tan(6/2) sin(0/2) _ sin 6 _ rsin 6 _ Yy
cos(#/2) 14 cosf r(1+ cosb) 22+ 2 4o
— 0 =2Arctan | —2 ). 0J
2?2 +yt+ux

If f : V — Ris a Borel function, let Jy(z) = det(dW(z)); then Jy(z) # 0 since V is a diffeo-
morphism, and the composition f o ¥ : U — R is also a Borel function. In R?, for instance, if

U(s,t) = (z,y) = (z(s,t),y(s,t)), then

Ox(s,t)  Oz(s,t)
J\I;(S,t) = det ( at > — al‘(&t) . 8y<37t) . 83:(3,15) ) 3y(s,t)

Js 7é 0
oy(s,t)  Oy(s,t) .
Uat)  u(at) os ot ot 0s

Theorem 301 (CHANGE OF VARIABLES)
1. Let f : V — [0, 0| be a positive Borel function. Then

//fxy dxdy_//f (s,t),y(s,1)) [ Ju(s,t)|ds dt.

2. If f : V — R is an integrable Borel function, then f o ¥|Jy| is Borel and
integrable on U and

//Vf(a:,y)dxdy://Ufoq/(s,t)uw(&t)‘dsdt

Proof: left as an exercise. [ |
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As usual, this result easily generalizes to R".

Examples

1. Forn = 1,if ¥ : [a, ] — [a, b] is a bijection with ¥(a) = a, ¥(3) = b, ¥ is C*,
and U’ > 0 on («, /3), then U is an increasing diffeomorphism between [«, /]
and [a, b]. Let f : [a,b] — R be a continuous function. Then

/f Ydu= [ fuydu= [ fluydu= [ fu(e)w(e)dt = /f
[a,b] (a,b) [, ]

2. If U is as in the previous example, but with ¥/ < 0 on («, ), then

b «a
/f(u)du:—/ FUE)W () dt. O
a B

23.7.1 Polar Coordinates

Let U, V, U be as in the example on pp. 516-517. Then Jy(r,0) = r. If I = {(z,0) | = < 0},
then Area(7) = 0. Then, if f : R? — [0, oc] is a positive Borel function, we have

/ f(a:,y)dxdy—// f(a:,y)dxdy—/ f(rcos@,rsinf)rdrdf.
R? v U
If f is Borel and integrable over R?, then (r,0) — f(r cos6,r sin§)r is integrable over U and

/ f(z,y) dxdy:/ f(rcos@,rsin®)rdrdd.
R2 U

This transformation yields polar coordinates, as illustrated below.

F 7

Example: for the Borel function f : R? — R defined by f(z,y) = exp(—z? — 3?),
we have

I:// exp(—xQ—y2)dxdy:// exp(—r rdrd@—/ / exp(—r?)r dr df
R2 -7

:7r/ 2rexp(—r )d?“:ﬂ'/ exp(—u) du = 7.
0 u=0
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Since

I= (/R exp(—xQ)d:v) (/R exp(—y2)dy) = (/R exp(—m2)dyc)2 =,

/R exp(—a?) dv = V7

we can compute the integral even though exp(—z?) does not have an elementary
anti-derivative. O

then

23.7.2 Spherical Coordinates

In spherical coordinates, we represent the point P(z,y,z) € R? using the coordinates

(r,,0):
x =rsinycosh, =rsinpsinf, z=rcosy.

LetU ={(r,,0) |r>0,0<p<m,0<f<2r}and V =R*\ I, =R*\ {(z,0,2) | > 0}.
SetU:U — V,with

U(r,p,0) = (rsinpcosf,rsinpsind, rcos ).

Then
sin p cos 6 sin p sinf CoS
dU(r,p,0) = T COS rcospsingd —rsing |,
—rsinpsing rsinpcosf 0

so that |Jy (1, ¢, 0)| = r? sin ¢, because of the restrictions in the definition of U. Furthermore,
Vol(I,) = 0;if f : R®* — [0, oc] is a positive Borel function, we then have

//R3f($’y’z)dxdydz_///Vf(xayaz)dxdydz

= /// f(rsingcos,rsinpsiné, rcos ) r?sin ¢ dr de dé.
U
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More generally, that relationship also holds if f : R? — R is Borel and integrable.

Example: compute the volume of the ball Bg = {(z,y, 2) | 2% + y* + 22 < R?}, for
R>0.

Solution: according to the definition,

Vol(BR):///B dxdydz:///RgXBR(x,y,z)dxdydz
R 8 ™ 2 R T
:/ (/ (/ r25ing0d9dg0dr)> :27T/ 7 (/ Singodgo) dr
0 0 0 0 0

R

R R 73 4
= 27?/ r?[— cos ¢|7 dr = 47r/ r?dr = 4m [—] = -TR%. O
0 0 31, 3

23.8 Solved Problems

23.8.1 Borel-Lebesgue Integral on R"

1. Show that a bounded Borel function which is identically zero outside of a bounded set
is integrable.

Proof: by hypothesis, IM € R* such that |g(z)| < M for all z € R™. Furthermore,
there is a bounded set A such that g(z) = 0 for all z ¢ A. Since A is bounded, there
exist a;, a; € R such that

A g B = ﬁ[ai,ag]

i=1
and g(z) = 0 forall z ¢ B. Finally, |g| < Mxp and

]/g\g/g\g/MxB=M/XB=M-m<B>=Mf[<ag—a»<oo,

i=1

that is, g is integrable. |

2. Letu, v be positive, integrable Borel functions. Show that u — v is integrable and that

Jw=—vyam= [uam~ [ovam

Proof: by hypothesis, 0 < [u, [ v < oo, and so we also have —co < [u, [v < oco.

Then,
oo>/u:/(u—v+v):/(u—v)+/v>—oo
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so that

oo—/v>/(u—v)>—oo—/v

Since —oo < [v < 00,00 — [v = o0 and —oo — [ v = —oc. Finally, this yields

00 > /(u —v) > —00
and u — v is integrable. We proved the other required result in the first inequality.ll

3. If f is bounded on A € B(R?), fx, is a Borel function, and Area(A) < oo, show that
fxa is integrable.

Proof: let M > 0 be such that |f(z)| < M forall z € A. Then, under they hypothe-
ses,

‘/fXA

which completes the proof. ]

< [1ral= [1ha< [ 30 =01 [ = a1 areaa) < o,

4. Let A, B € B(R"), AN B = @, and f be a Borel function on AU B.

[y e om

b) In general, show that f is integrable over A U B if and only if f is integrable over
A and integrable over B.

a) If f > 0, show that

c) If f is integrable over A U B, show that the equation of part a) holds.

Proof:
a) Let s, be the sequence of positive simple functions guaranteed by one of the
theorems. Then we have
i. sp(2) = f(2)forall z
iil. 0<s,(2) < f(z)forall z
ili. sn(2) < spt1(z) forall z
Let C € B. Consider the function fxc. Then,
L (snxc)(2) = (fxc)(z) forall z
il. 0<(spxc)(z) < (fxc)(z)forallz
iii. (spxc)(z) < (sn+1xc)(z) forall z
According to the Lebesgue convergence theorem,

/C su= [ soxe = [ fxe = /O ; (23.1)

For any n € N, we have
SXAUB = SXA T SXB
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since AN B = &. Then

/ Sn = /SnXAUB > /SnXAUB = /(SnXA+5nXB)
AUB
:/SnXA+/3nXB:/Sn+/Sn'
A B

IfweletC = AU Bin (23.1), we have

/ Sp — f
AUB AUB
Ifwelet C' = Ain (23.1), we have

/Asn—>/Af.

Finally, if we let C = B in (23.1), we have

/Bsn—>/Bf.

Combining all these results yields

/3n+/sn = / Sn
A B AUB

Lot L

B B

b) Suppose that f is a general (not necessarily positive) function, integrable over

A and B, l.e.
A B

By a remark made in class, this also means that

0§Af+,Af—,/Bf+,/9f—<m-

Since f_ and f are positive integrable Borel functions, we can apply part a) to
obtain

as limits are unique.

i

0< AUBf+=/I4f++/Bf+<OO
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so that f; and f_ are both integrable over A U B. Consequently, f is integrable
over AU B.

Conversely, suppose that f is a general (not necessarily positive) function, in-
tegrable over A U B, i.e.
[ i
AUB

By a remark made in class, this also means that

os/ fo | f<x
AUB AUB

Since f_ and f, are positive integrable Borel functions, we can apply part a) to
obtain

< 0.

OS/Af++/Bf+: AUBf+<OO

osAﬁfjiéméﬁ<m

and so that f; and f_ are both integrable over A and over B. Consequently, f
is integrable over A and over B.

This implies that

c) Letus assume that f is a general (not necessarily positive) function, integrable
over AU B (and so also over A and over B, see part b). By construction,

Jun? = Jron == fn-
SRS N E
S R N
:Af+éf

5. Show that the area of the circle S* = {(z,y) € R? | 2 + y* = 1} is zero.

Proof: we use the following intermediary result.

LEMMA: let ¢ : [0,T] — R? be continuous, with 7" > 0. If 3M > 0 such
that

le(s) = (t)[loo < Mls — ] (23.2)
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forall s,t € [0,T], then ([0, 1]) has 2D measure 0.
Proof: forall N > 1, let

O=th<t1 < - <ty =1, ti:N.
Recall that ||Z]| oo = max{|z1]|, |z2|}. Then,accordingto (23.2), o([ti—1,t]) C
I; for some square I; of length % (think about this for a second). Then,

Area(l;) = 4]]\\,/[22 and

N

4M?
;Area(Ii)— N
1=

Now, let > 0 and select N > M2 QED

£

Let ¢ : [0,27] — R2 be defined by ¢(t) = (cost,sint). Then ¢ is continuous and
©([0,27]) = S*. According to the mean value theorem,

le(s) = o(B)lloo < maX{sgp [De1(n)l, sup [Dpa(n)}s — |
< max{sup | sinn|,sup | cosn}|s — t|
U n
<ls—t
We can then apply the preceding Lemma to obtain Area(S') = 0. |
6. Show thatif f, g : R? — R are Borel functions, then so is f + g.

Proof: let d € R. Forany r, s € Q such thatr + s < d, we have

{21 f(2) <rin{z]g(z) <s} C{z] f(2) +g(2) <d},

or
ENnEIC EST.
Then
U (Ef mEg) C Bl
r,s€Q
r+s<d

If zp € EC];—H], ie. if f(z0) + g(20) < d,then 3r,;s € Q such that f(zp) < 7, g(20) < s
and r + s < d (because Q is dense in R), so that zg € E,f N EY. Then

U (Bl nE?) =EL™.
r,5€Q
r+s<d

But f, g are Borel functions; as a result,qu, EJ € Bforallr,s € Q. Since Bis a

o—algebra,
Bt = | (Ej mEg) €B
r,s€Q
r4+s<d
and f + g is a Borel function. |
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7. Show that every countable subset of R? has 2D measure zero.

Proof: lete > 0. List the elements of the countable subsetas A = {aj, a2,...,an,...}.

Let R,, be a square centered at a,, with Area(R,,) = 55r. Then

€ € 1 €
ZArea(Rn):szi 27”:§<5.
neN neN neN

Thus, Area(A) = 0. |

8. Let f : R? — R be defined by f(z,y) = sin(z) and set A = [0, 27] x [0, 1]. Compute

[, fdm.

Solution: we have

/f [ = [t = [ = [ o= [ £

where
sinx ifz e |0,n
fr(@,y)xalz,y) = [. |
0 otherwise
—sinx ifz € 7,27
f-(z,y)xalz,y) = [. |
0 otherwise
Clearly, [ fyxa = | f-xa,sothat [, f=0. O

9. Show that the set
Z={f:R" — R: ffinite, Borel, integrable}
is a vector space over R.

Proof: since 7 is a subset of the vector space of all functions from R" to R over the
scalar field R, it suffices to verify that the three subspace conditions hold:

a) O € Z7: this is the case since the function defined by O(x) = 0 for all x € R" is
Borel as I was able to write it down, finite since |O(x)| = 0 < oo forall x € R",
and integrableas [ O =0 < oo.

b) f,g € T = f+ g € I:if f, g are Borel, finite and integrable, then f + g is
clearly Borel and finite. It is also clearly integrable, albeit | have to use Theorem
25 (in disguise) to show this:

o [ o<l ool o

Thus, f + g € Z.
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c) feZl,a € R = a«af € Z:if f is Borel], finite and integrable, and « € R, then
af is clearly Borel and finite (since |«| # oo). It is also clearly integrable, albeit
[ have to use Theorem 25 (once again in disguise) to show this:

[ =l =el
Thus, af € 7.

Consequently, 7 is a vector space. |

10. Show that ] : Z — R defined by I(f) = [ f dm is a linear functional.

-0 < —« <«

Proof: now that we know that 7 is a vector space over R, it suffices to show that
I :7 — Racts linearly on Z, i.e. that

I(af + Bg) = od(f) + BI(g)
forall f,geZ, a,p8 R

But that is the content of Theorem 25 (since f, g are integrable):
Haf +89) = [(af+89) = [@n)+ [(89)
—a [ 148 [g=at(s)+ 5100,

which completes the proof. |

11. Let f : R — R be defined by

1 ifre@Q
f(w) = {O otherwise

Is f integrable? If so, what value does | f dm take? If not, where does the problem lie?

Proof: note that f(z) > O forallz € Rand Q € B(R) with Length(Q) = 0. Thus,

/Rf:/R_Qf: R_Q():O<oo

and f is integrable. |

12. Let f : R? — R be defined by f(x,y) = x + y Is f integrable? If so, what value does
[ f dm take? If not, where does the problem lie?

Proof: a function is integrable if and only if both its positive part and negative part
are integrable. Here, f,, f_ : R? — R are defined by

x4y ify>—x
f+($7y) = {

0 else

—x—y ify<—x
f-(z,y) =

0 else
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Consider the positive simple functions

1 ifz,y>1
s1(z,y) =

0 else
1 ifx,y<-—1
s2(2,9) = 0 else

Then

0 S 31(x>y) S f+(x7y)
0 < so(w,y) < f-(z,y)

for all (z,y) € R2. Consequently,
0< /81 < /f+

OS/SQS/f

But [ s1, [ s2 = 00,50 [ fy, [ f- = coand f is not integrable, as neither its positive
part nor its negative part is integrable. |

13. Suppose that f is R-integrable over [a,b]. Is f integrable over [a, b]? What relation is
there between f[a y [ dmand ff f(z) dz, if any?

Proof: if f is R-integrable over [a, b], then on the one hand we have ff flx)dx =
f[a i f dm and on the other hand we have co > ‘f; f(z) dx‘. Consequently, f[a l fdm‘ <
|

oo and f is integrable over [a, b].

14. Suppose that f is integrable over [a, b]. Is f R-integrable over [a, b]? What relation is
there between f[a y [ dmand fab f(z) dz, if any?

Proof: there is no relation in this case. There are instances of integrable functions
which are also R-integrable, such as f : [0, 1] — R defined by f(z) = 2. Then

! 1
/[071}fdm:/0 f(z)dz = 3 < oo

But there are also instances of integrable functions which are not R-integrable.

Consider the function f : [0, 1] — [0, oo] defined by

_Joo z€Qn][0,1]

else

We have seen that f[o 1] fdm = 0 < cosothat f is integrable. We have also seen that
fol f(x) dz does not exist, so that it is not R-integrable.

The moral of the story: Lebesgue integration is more general than Riemann inte-
gration. But you already knew that. |
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23.8.2 Multivariate Calculus

1. Let f : R? — R be independent of y, that is, there exists a function g : R — R such that
f(z,y) = g(z) forall (z,y) € R%.

a) What general property does the surface z = f(z,y) possess?

b) Let R = {(z,y) | @« < 2 < b,c < y < d}. By interpreting the integral as a
volume and by using the answer from part a), write [}, f dA using a function of
one variable.

Solution: if f isindependent of y, the surface z = f(z, y) is constantin the y—direction,
thatis, forany z € R, f(x,y1) = f(x,y2) for all y1, y2. As such,

/RfdA: (/abg(x)dx> (d—c). O

2. Let f : R C R? — R be an integrable function and R be as below.

1 4

Write [ r f dA as an iterated integral.

Solution: the vertices of R are: (1,0), (2,1), (4,2) and (4,a), where 1 < a < 2. The
line from (1,2) to (4,a) isy = §(z — 1). Thus, R is the region defined by

and f14 fgz(z—l) f(z,y) dy dz is one way to write the iterated integral. O

3. Compute the integral f02 [ e dy da.
Solution: the region of integration is given by
0<y<z, 0<zx<L2

As such, it is the triangle with vertices (0,0), (2,2) and (2,0) (we’re not drawing it
but you probably should). Thus,

/Q/Ierdydm—/2 [yemz]xdm—/2x6x2dx— |:16w2:|2—1(64—1) O
0o Jo 0 0 0 2 0o 2 '

4. Compute f03 fy92 y sin(x?) dz dy.

528 Analysis and Topology Course Notes



CHAPTER 23. BOREL-LEBESGUE INTEGRATION

Solution: the region of integration is
Y’ <z<9, 0<y<3.

Since itis difficult (read: impossible) to find an anti-derivative of sin(x?) with respect
to x, we change the order of integration. To do so cleanly, it suffices to notice that the
region can be written as

0<y<+vz, 0<z<09.

Thus,

3 9 9 VT 9 g2 Ve 9.
/ / ysin(z?) dz dy = / / ysin(z?) dy dz = / [ Sin(xQ)} dz = / = sin(z?) dz
0 Jy? 0o Jo o L2 0 0o 2

~ -2 cos(z?) : = 1(1 — cos 81) O
L4 o 4 '
5. What is the volume of the solid bounded by the planes z = x + 2y + 4 and z = 2z + v,
above the triangle in the zy plane with vertices A(1,0,0), B(2,1,0) and C(0,1,0)?
Solution: in the xy—plane, the equations of the boundary of AABC are

AC: y=—-a2+1lewarz=—-y+1
BC: y=1
AB: y=z—1lewzr=y+1

The region of integration R can be written as

and the volume of interest is

y+1 1 2 y+1
/x+2y+4 (2z +y)|dA = / / y—x+4) dmdy—/ [ya?—x—i-élx] dy
y+1 0 2 —y+1

:/0 (vtw+1- VRV 1) = (sy+ - (_y;”QH(@/H)ﬂ dy

2

1 23 o
:/ (2y* + 6y) dy = [y +3y] =—. O
0 3 . 3
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6. Compute [, h dV, where h(z,y, z) = ax + by + ¢z and
W={(z,y,2) |0<2<1,0<y<1,0<2<2}.

Solution: the region of integration is rectangular, so there are no hardships:

2
/th /// (azx + by + cz) dzdxdy—// [awz—f—byz—l—c—} dx dy

// 2a:v+2by—|—26)d:cdy—/ [ax —|—2()xy+20$}0 dy
0
1
:/ (a—|—2by+2c)dy:[ay+by2+26y]é:a+b+26. O
0

7. Sketch the region of integration W of the triple integral fo fo x,y,z)dzdy dz.

Solution: the region is defined by
0<2<3, 0<y<L2—2, 0Lz 1.

Thus, itis a box bounded by 6 planes: z =0,2=3,y=0,y=2—z,z =0,z = L.

Y=0 —

y=2—x

z=0

8. Let f : R — R be defined as below. Write fR f dA as an iterated integral.

Yy
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Solution: in polar coordinates, the region becomes

s 3
1<r<2 — <0< —.
srs2 5sbs3
Thus,
3m/2
/fxydA // f(rcos@,rsinf)rdddr. O
/2

9. Compute fo fo :Uy dz dy.

Solution: The region of integration R is defined by

0<z<+\4-y2, 0<y<V2

We separate this region into two subregions R; and Ry with the line y = z. Thus,

/wydA: a:ydA—{—/ zy dA.
R Ry Ra

0.8

0.6

0.4

0.2

0
0 0.2 04 06 0.8 1 1.2 1.4 1.6 1.8 2

The regions’ geometry indicates that polar coordinates have to be used in the first
region, while cartesian coordinates will be appropriate in the second region.

In polar coordinates, R; is

0<r<2 0<6<

N

whence

2 rr/4 2 /4
/ rydA = / / (1 cos ) (rsin@)r df dr = / / 73 cos 6 sin 6 df dr
R1 0 0

m/4 .3 21 .3 m/4 2,3 472
/ / —sm29d0dr—/ {——00526] dédr = —dr = {—] =1.
0 4 0 0 4 16],
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In cartesian coordinates, Rs is

whence
V2 2 V2 V2 9 _ 2
/ xydA / / ajydydx:/ |:$y:| da::/ 1’( x )dl’
R» 0 0 0 2
[mz x4]\/§ 1
12 8], 2
Thus, [ zydA = [, zydA+ [ aydA=1+1=3. 0

10. Compute [, sin(z* + y*) dV, where W is the cylinder centered about the z axis from
2z = —1to z = 3 and with radius 1.

Solution: in cylindrical coordinates, W' is
0<r<1, 0<6<2mr, -3<z<1.

Thus,

1 pom gl
/ sin(z? + y?)dV = / / / sin(r?)r drdfdz = 4m(1 — cos 1). O
w -3Jo Jo

11. Using spherical coordinates, compute the triple integral of f(p,0,¢) = sin¢ on the
region definedby 0 <0 <27, 0 < < 7,1 <p <2,

Solution: in spherical coordinates, the region is

0<f<2m, 0<p<-—, 1<p<2

1

Thus, the integral is

2 pw/4 2 pw/4
/ / / sinp Slngodpdgodﬁ—/ / / p? sin p dpde db
0
2r  pm/4 2
/ / [ sin 4 dgode_/ / fsm pdpdf
0 0

2m 2
B 7 7r/4 B 'ayg _ Ur 7 I

1 V1—z2 V1—z2—22
/ / / (2® +9* + %) V2 dydz dz.
0 —V1—22 V1—z2—22

Solution: in spherical coordinates, the region of integration is

12. Compute

w\zl
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Thus, the integral is
V1—z2 V1—z2—22 w/2 T rl 1
I—/ / / (22 + 32 + 22) 2 dydzda = / / ——p?sinpdpdpdd
V122 J—/1—22-22 —7/2 \/p2
/2 w/2 w/2 T ol
/ //psmgodpdgode—/ / [sm4 d¢d0—/ / MY 4o do
w/2 w/2 w/2J0 2
w/2 T/
:/ -2 de_/ do = .
—7/2 2 0 —7/2

13. Compute
1 1 V1—z2
/ / / (22 +y*)"V? dy de dz.
0 —1J—1-22

Solution: in cylindrical coordinates, the region of integration is

0<r<1, 0<0<2r, 0<2z<1.

In that case, the integral of interest is

1 p1 /122 ) _— 12w f1q
I:// / e+ y°)” dydxdz:// /rdrd@dz
o Jou o= Y A v
1 2 gl
:// /drdﬂdz:27r. O
o Jo 0

f\l/5 ev’ dy du.

Solution: the region of integration is given by

14. Compute fol

0<z<y? 0<y<l

Thus, the integral of interest is

1 pl 1 py? 1 —y2 1 ak _
/ / ey’ dydz = / / eV’ da dy = / [meygr Y dy = / eryB dy = L 1.
o Jyvz 0o Jo 0 =0 0 3 0 3

15. Sketch the solid bounded by the the surfaces 2 =0,y =0,z =a—z+yandy = a— %xQ,
where a is a positive constant. What is the volume of that solid?

Solution: the solid’s base is the parabolic region in the xy—plane bounded by the
line y = 0 and the parabolay = a — %x? The volume of this solid is thus

://D(ax+y)dA=//D(a+y)dA

(why can we eliminate the x in the integral?) so that

1,2

affx y2 Yy=a—,T
/ / (a+y) dydx—/ ay + — dx
—a 2 y=0

—2/0 <2 — 222 +22>dx—[3ax—3x +5?:E 0:3a—§a —|—ga—15.
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16. Evaluate [,"* ["”¢

22=y dz dy.

23.8. SOLVED PROBLEMS

Solution: the region of integration appears in red R, while the surface z = ¢?*~¥

shows up in blue.

Since R is a rectangle, we can proceed directly:

In2 In5 In2 1
/ / e Vdrdy = / [—ezx_y]
o Jo 0 2

17. Evaluate [} [

25

——L—dx
2 +y2+1

Solution: the region of integration appears in red R, while the surface z = \/%
z2+y

shows up in blue.
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Since R is a rectangle, we can proceed directly:

11
I:/ / % drdy
0o Jo Va?+y?+1
1 =1 1
:/ [y x2+y2+1} dy:/ y[\/y2+2—\/y2+1}dy
0 z=0 0
1 1 1 y=1 1
=/ y\/y2+2dy—/ yVy? + 1dy = [3(y2+2)3/2] - [3(y2+1)3/2]
0 0

y=0
4 1
=V3-3V2+2. O

y=1

y=0

18. Let D = {(z,y) | 1 <y < e,y> <z < y'}. Compute [[, L dA.

Solution: the region of integration appears in red R, while the surface z = % shows
up in blue.

The double integral can be expressed as an iterated integral:
1 e pryt 1 e 4 e A )
//dA:// d:pdy:/ [ln|z|]32dy:/ [ln|y|—ln|y H dy
DT 1 Jy2 T 1 1
:/1 [ln]yQH dy:/1 [lnyQ] dy:2/1 Inydy =2[ylny —y]] =2. O

19. What is the volume of the solid lying under the paraboloid z = z? + y* and above the
domain bounded by y = 22 and x = y??

Solution: the domain D is shown below:
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1 T | T T
09 i : ‘ : J
Y : . :
08 : : .
o7l : , .
06 : » .
05 f : ]
04 : : : -
03 _ , i
02} ; .

0 i i i i i i I i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 X 0.9 1

Thus, D = {(x,y) | 0 <z < 1,2? < y < \/r} and the solid of interest is shown in
the following figure:

Its volume is thus

31VE
V= // 22 +9?)dA = // 2 4+ dydx—/ [m@—i—%] dx
:EQ

6 5 791
— 5/2 _ x__w_ dr = 2 72 _ % 35/2_00_ _6 ]
/0 [x e 3] e [7 5 T o ‘

20. Let R be the disk of radius 5, centered at the origin. Evaluate ffR x dA.

Solution: in polar coordinates, R rewrites as

Rig) ={(r,0) |0 <7 <5,0<6<2r}.
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Since x = r cos 6, the change of variables formula yields

5 pr2m 5 pr2rm 5 o
//diz/ / rc050~rd0dr:/ / r2c059d0dr:/ [1?sin6] " dr = 0.
R 0 JO 0 JO 0

Are you suprised by this result? You should not be. O

21. What is the volume of the solid lying under the cone z = /22 + y? and above the ring
4 < 2% 4 y? < 25 located in the zy—plane?

Solution: the solid of interest is shown here:

If R = {(z,y) | 4 < 2® + y* < 25}, we wish to evaluate [[, /2% + y?>dA. In polar
coordinates, we have

R(ﬁg):{(’r’,(g)’2§T§5,0§9§2ﬂ'}

and /22 + y2 = Vr2 = r, whence

5 pr2m 5 p2rm 5
// \/x2+y2dA:/ / r-rd@dr:/ / r2d9dr:/ 2mr? dr = 8. O
R 2 Jo 2 Jo 2

22. Compute f02 o 2% e 2 dy da.

Solution: the region of integration is shown below:
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1.2

0 02 04 0.6 0.8 1 1.2 14

In polar coordinates, this regions rewrites as

Rigy = {(r,0):0 <0 <7/2,0 <r < 2cosb},

whence the integral of interest is
2 pvV2z—22 w/2 pr2cosf ™/2 .3 r=2cos 6
I—/ \/xz—i—deydzL‘—/ / \/ﬁ-rdrde—/ {3} de
o Jo 0 0 0

/2 w/2
:/ §cos39 do = §cos2t951n0+Esin0 :E' 0
0 3 9 9 0 9
23. Find the mass and the centre of mass of the metal plate occupying the domain

D:{(x,y)\0§x§2,0§y§3},
if the density function of the plate is p(z, y) = v.

Solution: the total mass of the plate is m = [}, p(x, y) dA, while the coordinates of
the centre of mass (7, y) are given by

le// xp(m,y)dA and yzl// yp(x,y)dA.
m D m D

2 3 2
m://ydydm:/[

0 0 0

1 /2 /3 1 /2 213 1 /2
://xydydx:/ azy— dx:/ gasd:zzl
9Jo Jo 9 Jo 2 9 Jo 2
120, 1
J— dd Py .
9/0/0y =y

Thus,

Sl

<
I
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\/QTf
0

24. Evaluate fo yzdydzdz.

Solution: this can be done directly:

= [ /“/yzdydzdm_//“ = m_//“”_dzdgg

e
o L 4 |, 0 4 20 4" |, 10‘

25. Compute [[[, e” dV, where

[S1 B )

E={(z,y,2):0<y<1,0<z<y,0<z<z+y}

Solution: again, this can be done directly, with the help of an iterated integral.

I—/// edzdxdy—//[ezszrydxdy—// (x 4+ y)dzdy

7

:/0[ “(a +y-1>1§:ydy_/o( 1)y _1)dy_[2yey 36y+y_%]0:§_6'

26. Compute [[[, xzdV, where E is the pyramid with vertices (0, 0, 0), (0, 1,0), (1,1,0) and
(0,1,1).

Solution: we can define F by
EZ{(x,y,z) ’OSyS:l?OSZSy,OSxSy_Z},

as can be seen on the figure below.
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Thus,

Yy—=z
/// xzdV = /// a:zda;dzdy—// zdzdy
1,, 2 1, 1y, 1711t 1
== dy = — dy = — |—=| = —.
2/0 [zy ~3¥* +4ZL:O Y=o )y VY T 24 25], T 120

27. Let IV be a three-dimensional solid. Its volume can be computed by the following iter-

ated integral:
2 2 pd—r?
= / / / rdzdrdf.
o Jo Jo

Find W and V/(W).

Solution: in cartesian coordinates, V(W) = [[[,;, dV. The volume integral is given
in cylindrical coordinates, from Wthh we can conclude that

Wi, = 1(r,0,2) 10<0<2m,0<7r<20<z<4—r%)

In cartesian coordinates, the solid of interest lies under the paraboloid z = 4— 2% —y?

and above the disk in the xy—plane of radius 2 centered at the origin.

4
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Thus,

2 pVA4—x? 4—g2—y2 2m 4—r2
V(W)—/ / / dzdydx—/ / / rdzdrdf
—2 1—22 Jo
27 2 21
:/ / [rz]?=g” r drd@—/ / 4 —r?)drdf
o Jo
27 ,,A
:/ [+2r2] df =4 / df =8r. O
0 4 0 0

28. Let W be a three-dimensional solid. Its volume can be computed by the following iter-

ated integral:
w/3 27 psecp
/ / / p*sinpdpdf de.
0 o Jo

N

Find W and V/(W).

Solution: in cartesian coordinates, V(W) = [[[,,, dV. The volume integral is given
in spherical coordinates, from which we can conclude that

W00 = 1(0:0,0) [0 < p<7/3,0 <0 <2m,0< p< secp).
Using the first two sets of inequalities, we see that the solid is part of the cone whose

. _ L 2 2 (: . . . . . —
surfaceis z = 7BV + y* (in cartesian coordinates): when the radius is p = secy,

the height of the of the point in cartesian coordinates is automatically 1, as can be
seen when we provide a transverse slice of the cone:

n/3
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Thus, the volume of the cone is

w/3 2w psecy
V(W) / / / dzdydx—/ / / p?sinpdpdf de
2+y

w/3 2w p=sec(y) w/3 1 6=2m
= / / [p3 sin 4 dfdy = / [ sec® psin @0} de
3 p=0 0 3 6=0

/3 2 9 w/3
:/ — sec gosmgodgo-[ sec go} =,
0 3 3

However, you do know how to compute the volume of a cone when the height and
the radius are known: V' = 37rr2h How does that compare to your answer? g

29. Compute [[[,(z* +y* + 2*) dV, where B is the unit ball % 4+ 3> + 2* < 1.
Solution: in spherical coordinates, the region can be written as

B =1(p,0,0) | 0<p<1,0<0<27m,0< ¢ <7},

with p? = 22 4 y? + 22, whence

1 2 pmw
I:///(x2+y2+22)dV:/ / / p* - p*sinpdedddp
2m 2m
so /3
// / ptsinpdpdfdp = // —pt Cosgo dédp
2 4
P 0
dédp = dp = =_. O
<[ [ g [aa=s[F]

\/9 y? \/18 x2—92
/ / / (2% + 1y + 2*) dzdx dy.
:E2—|—y

Solution: O

30. Evaluate

31. Solution: the volume of integration is defined by the solid lying above the the disk of
radius 3 in the first quadrant of the zy—plane and bounded by the cone 22 = 22 + 12
and the sphere 22 4+ y2 4 22 = 18; as such, it is the solid of revolution of the following
curve
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around the z axis, under a rotation of% radians:

3 30

In spherical coordinates, the region becomes

{(no.o)10<p<Viso<os<

o
(@]
IN
AS)
VAN
IS
——

with p? = 22 + 32 + 22, whence

3 pV/9-y2 p/18-a2—y2 VI8 pm/2 pm/A
I:/ / (x2+y2+22)dzd:vdy:/ / / o p?sinpdpdfdp
o Jo Va2 4y? 0 0 0

V18 pm/2 pm/4 V18 pm/2 /4
:/ / / p4sing0dcpd9dp=/ / [—p4cos¢]z;3/ df dp
0 0 0 0 0
VI8 pm/2 Vis
_ / / [ — cos(r/4)] p dO dp — / 20— cos(mn/4)p* dp
0 0 0

U 51VI8 ™ °
- [5(1—cos(7r/4))’%} :5(1—cos(w/4))@. O

0

32. Compute the volume of the solid bounded by the cone z = /22 + y? and the sphere of
radius a > 0 whose center is located at the origin.

Solution: let
A =B(0,a)NCone = {(z,y,2) | 2> + y* + 22 < a®and z > /22 + 42}
If (z,y,2) € A, then

2yt <2 <a?— (22 +y?),
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whence 22 4 y? < “ . Denote

We then have
A={(z,y,2): (z,y) EC,V/2 + 2 <z < a2 — (22 +y2)}

and so

VO](A):/// dxdydz:/ \/a2—(:z2+y2)—\/:v2+y2) dz dy

3
/ / aQ )rd&dr— _27ra (1—1>. O
[0,a/v/2] ] 3 \/i

33. Compute the volume of the solid bounded by the paraboloids z = 10 — 22 — y? and
z=2*+y*-1).

Solution: let
A={(z,y,2) | 22 +y* —1) <2 <10 — 2? — ¢*}
If (2,y,2) € A, then 22 + y? < 4 (why?). Denote
B = {(z,y): 2* +y* < 4}.
We then have
A=A{(z,y,2) | (x,9) € B,2(a? +y° = 1) <z <10 —2? — y?}

and so

vOl(A):/// dxdydz:// (10 — 2% — ) —2(2* + y* — 1)) dady
_3// — (2% 492 )dxdy—?,/m]/m 4—r?)rdfdr =--- = 24r. O

34. Let T be the triangle with vertices (0, 0), (0, 1) and (1, 0). Compute [/, exp <er—§> dx dy
using

a) polar coordinates;

b) the change of variablesu =y — z,v =y + =.
Solution:
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a) Letxz =rcos#,y =rsind. Then

I—//exp< >dxdy
= / / exp <s¥n9 — o8 0) rdrdf
[0,7/2] J[0,(sin 6+cos 6) 1] sinf + cos 6
= / exp <51n9 — COSG) / rdr | df
[0,7/2] sinf + cos 6 [0,(sin 6+cos )]
_1/ ox sinf — cos 6 1 ng
2 Jon/2 P\sinf 1 cosd ) \sind + cosd

sin #—cos @ 2
Sett = Sin 0 cos 0" Then dt = Gnotcoso)? dé so that

// exp du dv

where 7" is the triangle in the uv—plane bounded by the points (0,0), (—1,1)
and (1,1). Then

1 / / U e—el
== exp(—) dudV =-..= . U
2 [071} [—U,v] (’U ) 4

35. Compute the area of the planar region bounded by y = 22,y = 222 x = y* and x = 33°.

Solution: denote the region in question by D and set w = % and v = 5. Then
(x,y) € D ifand only if (u,v) € R, where R is the rectangle defined by 1 < u < 2
and1 < v < 3. Lety : D — Rbedefined by (z,y) = (u,v) = (X, %) Then we

<

have 3
_ _ _ 9,22
Jo(x,y) = det Do(z,y) = 2 3u‘v
and ) )
J _ = = .
o = () ~ e
Consequently,

1 1 1 1

36. For what values of £ € R does the integral

// dx dy
r24y2<1 (ZE2 + y2)k

converge? For each such £, find the value to which it converges.
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Solution: first, note that

dx dy dz dy
= lim
224y2<1 ( e=0 ) Jeacp2 2y (22 +y )

In polar coordinates, we have

dxd 1 d
// 2$ y2k:/ / 2k1d9dr:277/ 21::1
e2<g?y2<1 (2 +9?) [e,1] J[0,2m] T 1"

dr
r2k—1

Then,

lim
e—0 [e,1]

ifand only if 2k — 1 < 1, i.e. £ < 1. Furthermore,
dr 1 g2(1-k)
/[&1] P21 91— k) 201—k)

// dzdy
2yr<t (B2 YD) 1—k

when k£ < 1. O

and so

37. Find the volume of the solid bounded by the interior of the sphere 2% 4+ y2 4 22 = a? and
the interior of the cylinder 2% + y? = a%,a > 0.

Solution: let V' be the volume sought. Set
B={(z.y) | 2*+y* <a’}.

We have

V:2// \/2a2—(x2—|—y2)d:vdy:2/ / vV 2a? —r2dfdr
B 0,a] J]0,27
:477/ \/2az—r2rd7“:-~:4—7T<23/2—1>a3. O
[0,a]

3

38. Find the volume of the solid bounded by the interior of the cone z? = 2%+ lying above
the paraboloid z = 6 — 22 — 32

Solution: let V' be the volume sought. Set

B ={(z,y) | 2" +y* < 4}.

We have
B 0,2 J[0,27]
_27T/ (G—TQ—T)Tder:u-:SZJ_ ]
[0,2] 3
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39. Find the volume of the solid bounded by the plane z = 3244y lying below the paraboloid
2= 2%+ 92

Solution: the intersection of the paraboloid and the plane is {(x,y, z) | 3z + 4y =
z = 2% 4+ y?}. The set

D= {(z,y) | 3z + 4y = 2* + y*}

is the circle of radius g centered at (%, 2). For every (z,y) € D, 2% + 3? < 3z + 4.
Let V be the volume sought. Set

B ={(z,y) | z* +y* < 4}.

We have
V= // (3x+4y— (2 +y2)) dz dy.
B

Using the change of variable
3 :
x:§+rc059, y=2-+rsinb,

we obtain V = 1867%. O

23.9 Exercises

—_

. Prepare a 2-page summary of this chapter, with important definitions and results.
2. Let G be a o —algebra. Show that

a) Al,AQ,...,An,...GG - ﬂnZlATLGG;
b) A, BeS = ANB°e G, and
c) 9,R" € &G.

3. Complete the proof of Lemma 291.1.
4. Compute [[ s1(z,y)dzdy and [[ ss(x,y) dz dy in the example of Section 21.3.

5. In the example of Section 21.3, show that:

4TL

b) for2" +1 <i < 2""!, we have Area(A}) = & (2" —i—1).

a) for1 <i < 2", wehave Area(A?) = & (i — 1);
1

Complete the proof of Corollary 294.
Is the converse of the third solved problem (Borel-Lebesgue integration on R") true?

Let f : R? — R be a Borel function and d € R. Show that {z € R? | f(z) < d} € B(R?).

A

Complete the proof of Proposition 289 for f + g and fg.
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11.
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13.
14.

15.

16.

17.
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Show thatif g : R> — R and
{z € R?| g(2) < d} € B(R?)
forall d € R, then g is a Borel function.

Show that Q? is dense in R? but that Area(Q?) = 0.

Show thatV,, = {f : R" — R | f finite, Borel, integrable} is a vector space and that the
Borel-Lebesgue integral is a linear functional over V,,.

Complete the proof of Theorem 301.
Let f : R* — R be defined by f(z) = exp(—||z||*). Find a sequence of simple functions
0<s51<s5<...<s, < f

for which s,,(z) — f(z) for all = € R®. Can you use the sequence to compute [ f dm? If
so, do so.

Let f : R? — R be defined by

f(z)= ?+y* if (z,y) €[0,1] x [0, 1]
o otherwise

Find a sequence of simple functions
0<s<s5<...<s5, < f

for which s,,(z) — f(z) for all = € R®. Can you use the sequence to compute [ f dm? If
so, do so.

Let f : R? — R be defined by

2?4y ifz? 4+ <1
f(z) = .
0 otherwise

Find a sequence of simple functions
0<s<s8<...<s5, < f

for which s,,(z) — f(z) for all z € R®. Can you use the sequence to compute [ f dm? If
so, do so.

Let f : R? — R be defined by

() = r+y+z if(z,y,2) €[0,1] x [0,1] x [0,1]
o= 0 otherwise
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18.
19.
20.
21.
22.

23.

24,

25.

26.

Find a sequence of simple functions
0<s5<s5<...<s, < f

for which s,,(z) — f(z) for all z € R*. Can you use the sequence to compute [ f dm? If
so, do so.

Give a proof of the Lebesgue monotone convergence theorem.

Prove Theorem 300.

Show that U(r,#) = (z,y) is a diffeomorphism between U and V for polar coordinates.
Show that |.Jy (7, ¢, 8)| = r? sin ¢ for spherical coordinates.

What is the volume of the solid defined by the intersection of the two cylinders 2%+ 2% =
landy® + 2% =17

What is the volume of the solid () directly above the region bounded by 0 < z < 1,
1 <y < 2inthe xy—plane and below the plane z =4 — x — y?

Evaluate the integral [, #*y dz dy where D is the region bounded by the curves y = z°
and x = 4?2 in the first quadrant.

Let f, f1 : I — R be two continuous functions for which f; < f. If

A={(z,y) eR?| fi(z) <y < f(2)},

show that

[ watenaear= i) - o o

Can you use this result to show that

Graph(f) = {(z, f(z)) | z € I}
has 2D measure 07?

The Gamma and Beta functions are defined by
[(x) = / t"te7tdt, forz >0
01
B(z,y) = / t" Y1 —t)vtdt, forx>0y>0
0

Show that the following properties hold:

a) Nz +1) =2l'(z), (x>0);
b) I'(n+1)=n!l, (n=0,1,2,...);
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Q) D(z) =2 [ s* e ds, (zv>0);
d) I'(3) = v/, F(%) = YT,

e) B(x,y) = 2f os® 10sin®~10df, (z>0,y>0);
f) B(z,y) = ”m), (x> 0,y >0).

Find the volume of the solid bounded by the interior of each of the cylinders z2+y? = a?,
22+ 22 =a’and y? + 22 = a? a > 0.

Let S be the sphere of radius @ > 0 centered at (0,0, a). Show that [[[  2*dzdydz =

8. _ 5
57TCL.

Compute [[[ e~ (@ +¥"+2%) dz dy dz.
Show that S* = {(z,y) | *> + y? = 1} has 2D measure 0.

Show that every countable subset of R? has 2D measure 0.
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